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R
Wigner's semicircle law (Wigner 1955)

10 eigenvalues of GUE(10)
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Wigner's semicircle law (Wigner 1955)

10 eigenvalues of GUE(10)
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R
Wigner’s semicircle law (Wigner 1955)

100 eigenvalues of GUE(100)
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R
Wigner’s semicircle law (Wigner 1955)

3000 eigenvalues of GUE(3000)
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Asymptotic freeness for random matrices

@ independent GUEs are asymptotically free
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Asymptotic freeness for random matrices

@ independent GUEs are asymptotically free

@ GUE is asymptotically free from deterministic (e.g., diagonal) matrix
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Asymptotic freeness for random matrices

@ independent GUEs are asymptotically free
@ GUE is asymptotically free from deterministic (e.g., diagonal) matrix
@ “randomly rotated” matrices are asymptotically free:

> let D(N) D ) be deterministic (e.g., diagonal) matrices
» and UN a Haar unitary random matrix,

then

Xy =UxDMU3,  and Yy =DV

are asymptotically free
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Calculation of asymptotic eigenvalue distribution
of polynomials

o Let Xy and Yy be asymptotically free random matrices with

(XN,YN) — (X, Y)
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Calculation of asymptotic eigenvalue distribution
of polynomials

o Let Xy and Yy be asymptotically free random matrices with

(XN,YN) — (X, Y)

e Consider a polynomial p € C(x,y).
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Calculation of asymptotic eigenvalue distribution
of polynomials

o Let Xy and Yy be asymptotically free random matrices with

(XN,YN) — (X, Y)

e Consider a polynomial p € C(x,y).
@ Then the asymptotic eigenvalue distribution of p(Xy, Yy) is given by
the distribution of p(X,Y).
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Calculation of asymptotic eigenvalue distribution
of polynomials

o Let Xy and Yy be asymptotically free random matrices with
(Xn,YN) = (X,Y)

e Consider a polynomial p € C(x,y).

@ Then the asymptotic eigenvalue distribution of p(Xy, Yx) is given by
the distribution of p(X,Y).

@ The distribution of p(X,Y) is given by the Cauchy transform of a
linearization

PXY)=bp@1+0 X+ Y

via

Gpxy)(2) = [Gpxy)(A(2))]1a
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Calculation of asymptotic eigenvalue distribution
of polynomials

o Let X and Yy be asymptotically free random matrices with
(Xn,YN) = (X,Y)

e Consider a polynomial p € C(x,y).

@ Then the asymptotic eigenvalue distribution of p(Xy, Yx) is given by
the distribution of p(X,Y).

@ The distribution of p(X,Y) is given by the Cauchy transform of a
linearization

PXY)=bp@1+0 X+ Y

via

Gpx,v)(2) = [Gpx,vy(A(2))]11
@ and the use of the subordination calculation of the latter as the sum
of two free random variables
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-
Distribution of p(z,y) for z and y free

Calculation of distribution of p by linearization and operator-valued
convolution (Belinschi, Mai, Speicher 2013)

e we want the distribution of p(z,y) = zy + yz + 22
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R
Distribution of p(z,y) for x and y free

Calculation of distribution of p by linearization and operator-valued
convolution (Belinschi, Mai, Speicher 2013)

e we want the distribution of p(z,y) = zy + yz + 22

@ this is determined by the operator-valued distribution of its
linearization
X
0 T Y+ b}
y+35 -1 0
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R
Distribution of p(z,y) for x and y free

Calculation of distribution of p by linearization and operator-valued
convolution (Belinschi, Mai, Speicher 2013)
e we want the distribution of p(z,y) = zy + yz + 22

@ this is determined by the operator-valued distribution of its
linearization

@ but this is now an additive (operator-valued) problem

0 0 0 01 1 00 1
pla,y)=10 0 —-1|®1+[1 0 0]®z+|0 0 0|®y
0 -1 0 $ 00 100
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R
Distribution of p(z,y) for x and y free

Calculation of distribution of p by linearization and operator-valued
convolution (Belinschi, Mai, Speicher 2013)
e we want the distribution of p(z,y) = zy + yz + 22

@ this is determined by the operator-valued distribution of its
linearization

@ but this is now an additive (operator-valued) problem

0 0 0 01 1 00 1
pla,y)=10 0 —-1|®1+[1 0 0]®z+|0 0 0|®y
0 -1 0 $ 00 100

o for this we have analytic theory of operator-valued free convolution

o this allows to calculate the operator-valued Cauchy transform of p,
and thus the Cauchy transform of p
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How to calculate operator-valued free convolution

Theorem (Belinschi, Mai, Speicher 2013)

Consider
0 0 0 01 3 001
pla,y)=[0 0 -1]®1+|(1 0 0|®2z+[0 0 0|®y=X+Y
0 -1 0 00 100

v
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How to calculate operator-valued free convolution

Theorem (Belinschi, Mai, Speicher 2013)

Consider p= X +Y Then X and Y are free in the operator-valued sense

and there exists a unique pair of (Fréchet-)holomorphic maps
wi,wy : HT(B) — HT(B), such that

Gx (wi(b) = Gy (w2(b)) = Gx4v(b), beEH"(B).

v
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How to calculate operator-valued free convolution

Theorem (Belinschi, Mai, Speicher 2013)

Consider p= X +Y Then X and Y are free in the operator-valued sense
and there exists a unique pair of (Fréchet-)holomorphic maps
wi,wy : HT(B) — HT(B), such that

Gx (wi(b) = Gy (w2(b)) = Gx4v(b), beEH"(B).

Moreover, w1 and wy can easily be calculated via the following fixed point
iterations on H*(B)

w— hy(b+hx(w))+b  for wi(b)
w— hx(b+ hy(w)) +b for wy(b)

where we put hx (b) := Gx(b)~! — b and hy(b) := Gy (b)~! — b;

B=My(C), H(B)* :={beB\%b=b;b > 0}

1
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I
polynomial p(z,y) = zy + yz + 22

° p(X,S)
01k R bux = i(26—2 + 6—1 + 6+1)
1s = semicircle

u]
o)
I
i
it

DA
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R
polynomial p(z,y) = xy + yx + 2°

| @ p(Xn,AN)

Xy = diag(—2,-2,—1,1)
| Ay GUE(N)

N=4000
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polynomial p(z,y) = xy + yx + 2°

o p(X,5)
fx = 5200401+ 041)
1s = semicircle

° p(XN7AN)
Xy = diag(—2,-2,—1,1)
Apn GUE(N)
N=4000
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polynomial p(z,y) = zy + yx + 2*

06

05

04

03

p(X,Y
nx =%((51+53)
py = 3(20_3 +6_1+ 641)

~—

DA
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R
polynomial p(z,y) = zy + yx + 2*

06

05 3

04 B

03 3

0.1+ 3

o p(Xn,Yn)
Xy = Udiag(1,3)U*
Yy = diag(—2,-2,-1,1)
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R
polynomial p(z,y) = zy + yx + 2*

06

05

04

03

02

0.1+

° p(X,Y) o p(Xn,Yn)
fix = (61 + 63) Xy = Udiag(1,3)U*
py = 1(26_2+06_1+641) Yy = diag(—2, -2, —1,1)
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