CHAPTER V

OPERATOR-VALUED STOCHASTIC PROCESSES
AND STOCHASTIC DIFFERENTIAL EQUATIONS

In this chapter, we will focus on another philosophy behind the concept of cumu-
lants. Namely, even if there is no free product or free convolution around, it may
in some problems be quite useful to make a transition from moments to cumulants.
The reason for this lies in the fact that some properties of our distributions have a
more handable formulation in terms of cumulants than in terms of moments. The
most important of such properties is the product property which translates for the
cumulants into a cluster property. The frame where such transitions from moments
to cumulants become important is the theory of stochastic differential equations.
Up to now, two other forms of cumulants, the ‘ordered” and the ‘partial’ ones, have
been used in such a context. We will compare these cumulants with the ones which
we have introduced in our investigations and which will from now on be called
‘non-crossing cumulants’. We will point out that in the operator-valued case the
non-crossing cumulants are the only ones which behave nicely in all respects.

5.1. B-valued stochastic processes

To set our frame, we have to introduce, as a generalization of the concepts of
the last chapter, the notion of a B-valued stochastic process and its distribution.
Again, cumulants will play a prominent role.

5.1.1. DEFINITION. 1) Let (A4, ) be a probability space over B. A family
{a(t) | t € R} of B-valued random variables will be called a B-valued stochastic
process.

2) Let
B(XR) := xg B(X (1))
teR
be the algebra generated freely by B and infinitely many non-commuting indeter-
minates X () (¢t € R). For a B-valued stochastic process {a(t) |t € R} C (A4, p) we
define the B-functional

Via(t)} : B(AR) = B by V{a@)} = @O Ta)}

where T¢,4)3 @ B(Ar) — A is the unique homomorphism such that 7¢,¢)y(b) = b
for all b € B and 7443 (X (1)) = a(t) for all £ € R, This v,y is called the
distribution of the B-valued stochastic process {a(t) | ¢ € R}. The set of all possible

distributions of B-valued stochastic processes will be denoted by E%R),

E%g) :={v: B(Xg) — B | v B-functional}.
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As before, we will mainly be interested in the case of positive distributions.

5.1.2. NoTATION. If Bis a C*-algebra, then we equip B{AR) with the canonical
s-structure given by X (¢)* = X(¢) for all £ € R and denote the set of positive

distributions of B-valued stochastic processes by Z%RH,

E%QH ={rve E%g) | v positive}.

One could now go on as in chapter 4 and define the free convolution of two
B-valued stochastic processes and repeat for this situation more or less the same
analysis as for B-valued random variables. But this brings nothing new, one only
has to replace X, by Ak.

Instead of this, we will now focus on the above mentioned idea that, even if
there is no freeness or free convolution around, the transition from a process to its
cumulants may be quite useful in some cases.

5.1.3. NOTATIONS. 1) Again, all information on the distribution v = vg4q)y of
a B-valued stochastic process {a(t) | t € R} C (A, ) is contained in its cumulants

5(1/) = (fyg’;go,...,tn)nEN;tO,...,tneR’

where, for all n € Ny and tg,...,t, € R,

n;to,...,t

) :Bx--xB—B
N N — e’

n-times
are linear mappings given by (by1,...,b, € B)

et (O1s s b) 2 = oD (X (o) @ 01 X (81) @ -+ @ b X (£0))
— c(n+1) (a(to) ®bia(ty) @ -+ @ bualty,)),

where ¢ = (c(™) € I°(A, B) is the cumulant function of . In particular,
6 :C= B, (1) =D (X (1) = v(X(1) = p(alt)).

2) Let us denote by B(XR)o the B-B-bimodule (we use the notation
Ay = span{ Xy | t € R} = {D g0 i X (i) [ 1 € R, 05 € C})

B(Xg)o := BXaB ® BXg BXg B ® BXa BXx BXxB @ --- C B(Xg),

i.e. those polynomials in B{Xk) without constant term. Then we can consider &(v)
also as a bimodule map
¢(v): B(X)o — B

with (n € N, tg,...,t, €R bg,...,bpy1 € B)
EW) (boX (t0)b1 X (£1) + b X (t)brg1) = bo (€0 o (bryveybn))buga

= "D (X (t0) @ b1 X (1) ® - - ® by X (£n) bt
= C(n+1) (boa,(t(]) X bla'(tl) R R bna(tn)bn+1).
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5.1.4. DEFINITION. 1) Let {a(t) | t € R} be a B-valued stochastic process. If
the cumulants £ := {(vg4()y) of {a(t) | t € R} have the property

Ensto,..tn, =0 for n # 1 and all tg,...,t, € R

and if
15,¢(D) = viayy (X ()DX (1)) = nse (D)

for all s,t € R and b € B, with linear mappings (for all s,¢ € R)
Nst : B — B,

then we call {a(t) | t € R} a centered B-Gaussian stochastic process with covariance
n = (nst)s,tER-

2) Let {a(t) | t € R} be a B-valued stochastic process with covariance (s,t € R,
b€ B)

’I]st(b) = V{a(t)} (X(S)bX(t))

If {a(t) | t € R} is a B-Gaussian stochastic process with covariance n = (1st)s ter,
then we call {a(t) | t € R} a Gaussian approximation of {a(t) | t € R}.

It is clear that for all covariance matrices there exist corresponding B-Gaussian
stochastic processes, i.e. for all B-valued stochastic processes one can construct
Gaussian approximations. But what is more important, we have the analogue of
Theorem 4.3.1 showing that positivity is preserved in making the Gaussian approxi-
mation (and thus no positivity problem [HS] as in the corresponding approximation
for ordered cumulants appears, see section 5.4).

5.1.5. THEOREM. Let {a(t) | t € R} be a B-valued stochastic process and

{a(t) | t € R} a corresponding Gaussian approzimation. If the distribution of
{a(t) | t € R} is positive, then the distribution of {a(t) | t € R} is positive, too:

R)+ R)+
V{a(t)} € 2Pt = V{a(t)} € iohs

ProOOF. This can be shown like in the proof of Theorem 4.3.1 by central limit
arguments and an arbitrary positive distribution having the right covariance or one
can construct directly on a full Fock space the Gaussian approximation. Namely,
let 7 = (Nst)s,ter be the covariance of {a(t) | ¢ € R}. Then we define on the full
Fock space

F(BXrB) := B(AXp) = B® BAxB® BAxgBAxB® ...
a B-valued inner product
(, ):B(AXr) X B{Ar) — B
by linear extension of
(boX (50)b1X (51) - - - bn X (8n)bnt1, b0 X (£0)b1 X (t1) . . . DX (t)brs1 ) :=

= 6nkb;+1n8ntn (b:; < Msity (binsoto (bggo)gl) . Bn> Bn—i—l-
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The given n fulfills the analogue of the condition in Theorem 4.3.1 implying the
positivity of our inner product and thus the positivity of the vacuum expectation
¢ on the x-algebra A generated by B and all creation and annihilation operators.
The latter are defined as usual, i.e.

I*(t)bo X (to) ... X (tn)bnt1 = X ()b X (to) - .. X (tn)bpt1
and

()b =0
l(t)boX(to)le(tl) N X(tn)bn+1 = (ntto (bo)bl)X(tl) N X(tn)bn+1.

As in the proof of Theorem 4.7.1, one can check that the process

{t@) +1*(t) | t € R} C (A, )
gives the wanted B-Gaussian stochastic process with covariance n. [

5.2. Formulation of the problem

In physical contextes, one often encounters the following problem: For a given
B-valued stochastic process

{L(t) |t e R} C (4, ¢)

one considers a multiplicative stochastic differential equation for a wanted B-valued
stochastic process {U(t) | t € R} of the form

SU@)=L@®UE) (t>0), Uls)=1eBCcA (s<0).

Usually, one is not so much interested in the process {U(t) | t € R} itself, but one
would be satisfied with having a good knowledge on some average behaviour of
U(t), in particular one wants to know the time development of the mean (U(t)) :=
e(U(t)), see, e.g., [HS,Kub,NSp1,NSp2,ShA Ter,vKal,vKa2].

The formal solution of our stochastic differential equation is given by

Z / / (tn)dty ... dt,,

t>t1 > 21, >0

yielding

Z / / o L(ty))dty .. .dty

t>t1 > 2>ty >0

We do not bother about the question of convergence of this series, but just assume
that all this makes sense (which, of course, has to be checked in a concrete problem).

The problem with the above expansion is now that it is usually quite useless.
It should be clear that it can be calculated directly only in the simplest cases.
For going beyond such simple (and usual uninteresting) examples one has to make
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approximations, but the crucial deficiency of the above series is that it is inadequate
for approximation techniques.

In most physical applications one can assume a product property for the potential
L(t), saying that (L(t1)...L(t,)) factorizes into  (L(t1)...L(tg))
(L(tgy1) ... L(t,)) if the variables ty,. .., t, are grouped into two clusters 1, ..., t

and tg4+1,...,t, with a sufficently large separation between these two clusters. This
may, for example, be fulfilled, if we have |t; — t;| > 7. for all ¢« = 1,...,k and
j=k+1,...,n, where 7. is the auto-correlation time of the potential.

On the level of our above series this information does not help anything since fac-
torization does not lead to smallness of terms in the integrand. But since, by Prop.
2.5.3, the product property of the moments translates into the cluster property for
the cumulants, it seems plausible that, instead of an expansion of (U(¢)) in terms
of moments, an expansion in terms of cumulants provides the proper truncation
criterium for approximation techniques.

5.3. Possible solutions of the problem

We have to face the following problem: For a distribution v € E%@ of a B-valued
stochastic process we want to rewrite the formal series (¢,s € R, t > s)

Ut ) =3 // V(X(1)... X (t2))dty ... db, € B

=045t > >, >

in a form which is more suitable for approximations. As we argued in the last
section, an expansion in cumulants is a good candidate for such a reformulation.
Apart from the cumulants which we have used till now and which will from now on
be called non-crossing cumulants, there exist two other forms of cumulants which
are commonly used in this context. These are the so-called ordered cumulants and
partial cumulants. We will now compare the corresponding three possibilities for
rewriting the above series.

In the same way as the non-crossing cumulants are determined by the lattice
of non-crossing partitions, the ordered and partial cumulants are determined by
the lattice of all partitions and the lattice of interval partitions, respectively. We
will not focus on this lattice point of view but instead we use a recursion formula
containing the same information for the definition of the respective cumulants. For
our non-crossing cumulants this is nothing else but Theorem 2.2.2.

5.3.1. DEFINITION. Let v € E%R) be a distribution of a B-valued stochastic
process.
1) The ordered cumulants of v

¢ C(AXr)o — B
are defined by the recurrence relation (n € N, ¢,¢1,...,t, € R)
V(X)X (1) ... X (tn)) =

=Y Y EMEAWMX ()X (i) (X () - X o))

r=0  (i(1),...,i(r))
Uu@G),....j(n—r))
:(1,,”)
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where we have to sum over all decompositions of (1,...,n) into two ordered subsets
(i(l), cee, z(r)) and (j(l), ey j(n— r)), each of which may be empty. In particular
we have

gord (X(t)) = V(X(t)) for all t € R.

2) The partial cumulants of v
P . B(AXR)o — B
are defined by the recurrence relation (n € N, ¢,¢1,...,t, € R, by,...,b,11 € B)
V(bOX(t)le(tl)bz .. .an(tn)bn+1) =

= P (b X (1)b1 X (t1)bs .. by X () - v (br1 X (trs1)brtz - - - b X (tn)bng1).
r=0

In particular we have
£par (boX(t)bl) = I/(boX(t)bl) = boI/(X(t))bl for all t € R and by, b; € B.
3) The non-crossing cumulants of v
¢NC B(AR)y — B
are defined by the recurrence relation (n € N, ¢,t1,...,t, € R, bg,...,b,11 € B)
v(boX (£)b1 X (t1)ba ... bp X (tn)brt1)) =

= Z Z ch (boX(t)bl 'I/(X(tl)b2---X(ti(1)—l))

r=0 (i(1),...,i(r))
c(1,...,n)

bi) X (ti1))biny+1 - ¥ (X (Eiy+1)bicy+2 - - - X (Fi2)—1))
bi2) X (tig2)) - v (X (tigr—1) 1) bicr—1)42 - - - X (tiry—1))

biry X (tir))bigry+1 - V(X (i) +1)bigry 12 - - -X(tn))bn+1>-
In particular, we have

ENC (boX(t)bl) = I/(boX(t)bl) = boI/(X(t))bl for all t € R and bo, bl € B.

5.3.2. EXAMPLES. 1) In the two lowest orders, all three types of cumulants are
the same, namely

€M(X (1) = (X (1) =€7C(X (1) = v(X (1))

and

(X (1) X (82)) = P (X (1) X (t2)) = ENC(X (t1) X (£2))
= I/(X(tl)X(tQ)) - I/(X(tl)) . V(X(tg)).
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2) The cumulants of third order have the form

3) The cumulants of order four give in the special case of a centered process, i.e.
v(X(t)) =0 for all ¢ € R, the following expressions.

— (X (t1)X (t2)) - v (X (t3) X (ta))
— (X (1) X (t3)) - (X (£2) X (t4))
— v (X (t1) X (t)

5.3.3. REMARKS. 1) Since in our formal series for (U(t,s)) only expressions
like (X (t1)X (t2) ... X(t,)) but no terms like v(boX (£1)b1X (t2) ... X (t,)b,) (for
bo, ..., b, € B) appear, it suffices for our problem to define the cumulants as linear
maps on C(AXr)o. But as we see from the structure of the recurrence formula, at
least for the non-crossing cumulants we are forced in any case to extend the defini-
tion as a bimodule map to B{AR)o. For the partial cumulants, such an extension is
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not necessary, but it is clear that it presents no problems. The ordered cumulants,
however, do not allow this generalization, because in contrast to the case of the
partial and the non-crossing cumulants, the time-ordering of the arguments is de-
stroyed in the definition of the ordered cumulants. As the name ‘ordered’ indicates
one has to change the given order and introduce an artificial one by separating the
moments and the cumulants in the recurrence formula. This can be seen clearly
from the foregoing examples and is the reason for the positivity problem encoun-
tered in the corresponding Gaussian approximation, see the next section.

2) The main feature of the three types of cumulants which makes them useful in
the context of our problem is the cluster property. For the non-crossing cumulants
we have proved this property in Prop. 2.5.3, but a similar statement is also true
for the ordered and partial cumulants, see [vKal,Ter,HS]. The proof of the cluster
property requires essentially the fact that cumulants and moments are connected
by some recurrence formula, the concrete form of this formula is not so important.
3) The ordered cumulants reduce in the scalar-valued case to the usual cumulants,
which are widely used in classical probability theory. The generalization to the
operator-valued case is due to Kubo [Kub] and van Kampen [vKal] and was intro-
duced in order to deal with the problem considered here. The partial cumulants
were also introduced in such a context, namely by Terwiel [Ter] and by von Walden-
fels [vWal,vWa2].

4) In the same way as the free convolution is linearized by the non-crossing cumu-
lants the usual convolution is linearized by the ordered cumulants. By analogy, one
may wonder whether there exists also a form of convolution which is linearized by
the partial cumulants. Such a ‘boolean’ convolution was just recently developed in
[Wor,SpW]. As the free convolution and the usual convolution are connected with
the free product and the tensor product, respectively, this boolean convolution is
derived from a ‘boolean’ product, which can be traced back to investigations of
Bozejko [Bozl,Boz2], see also [BSp,BLS].

5) We know by Remark 3.3.2 that elements b € B are free with respect to every-
thing. On the level of our non-crossing cumulants this translates into the statement
that the cumulants f{Na%)} of an arbitrary process {a(t) | t € R} C (4, ) and the

cumulants f{Nd%)} of a shifted process {a(t) := a(t) + b(t) | t € R} C (A, p) with
some b(t) € B (t € R) differ only in the first order, i.e.

NGy (X (to)) = €83, (X (t0)) + b(to)

for all ty € R and

f{a(t)}( (to)br...bn X (t,)) = §{a(t)}( (to)bi...bn X (t,))

forallm > 1, tg,...,t, € R, and by,...,b, € B. For the ordered and partial cumu-
lants, however, this property is not fulfilled. Let us check this for the cumulants of
order three under the assumption that the process {a(t) | t € R} is symmetric, i.e.
that all odd moments vanish. Then we calculate with the help of Example 5.3.2
that

Gy (X (t) X (t2) X (t3)) = @(a(t1)b(t2)alts)) — p(alty)a(ts)b(t2))

and
5?2&)}( (t1) X (t2) X (t3)) = @(a(t1)b(t2)a(ts)).
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Only
ey (X (01) X (£2) X (t3)) = 0

gives the ‘right’ answer, thus a shift with elements from B cannot be described
easily in terms of ordered or partial cumulants. One sees from the above example
that for the ordered cumulants this deficiency comes again from the destruction of
the time ordering and thus it is a characteristicum of the non-commutativity of the
general operator-valued case. If we restrict to the scalar-valued case B = C, then
everything works fine, as it has to, since we know from classical probability theory
that the ordinary convolution with a delta distribution . gives nothing else than a
shift by the amount c. For the partial cumulants, however, the deficiency does not
come from the non-commutativity of our process with elements in B but from the
structure of the recursion formula or, to put it in another way, from the structure
of the lattice of interval partitions. Thus in this case even the scalar-valued boolean
convolution shows the strange feature that convolution with a delta distribution is
not merely a shift, but a quite complicated operation.

5.3.4. THEOREM. Letv € E%@ be a distribution of a B-valued stochastic process
and define a formal series by (t,s €R, t > s)

Z / / ). . X(tn))dty ...dt, € B.

t>t > >tp>s

Then, with
gord . gord(y)7 gpa,r = gpar(y), fNC . fNC(V)

denoting the ordered, partial, and non-crossing cumulants, respectively, the above
definition of (U(t, s)) is equivalent to each of the following three (integro-) differ-
ential equations (understood in a formal sense)

{Z / /f‘“d )X (t1) ... X (tn))dty ... dtn }(U(t, s

t>t > 2tp>s

dt Ut 5)) Z / /gw VX (1) .. X (1)) dty . . dtnr (U, 5))dtn

t>t1> >tp>s

dt Ut 5) Z/ / €5 (X (0 (U (1 ) X (1) U 11,12)) .

t>t1> >t >s

AU (b1, ) X (£2) (U (£, s)>>dt1 . dty

ProoF. This follows directly by inserting the recursion formulas and by regroup-
ing terms and changing integration variables. [J

5.3.5. REMARK. The equations corresponding to the ordered and partial cu-
mulants are due to van Kampen [vKal] and Terwiel [Ter| (compare also [vWal]),
respectively. For a comparison of these two cases see also [ShA HS]. The expansion
formula in terms of the non-crossing cumulants in this general operator-valued case
is new, the special scalar-valued case was treated in [NSp1,NSp2].
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5.4. Gaussian approximation

The most, prominent, approximation (and
usually the only one which is technically handable) for our expansion formulas
is the so-called Gaussian approximation, where one only retains the cumulants of
first and second order. In this case our expansion formulas reduce to

—(U(t,s)) =v(X@®)(UE,9)+ { | &(XE)X(t1))dt1} (U, s))

GU) =r(XONUE ) + [ (X OX(0) Ut 5)dn

S

where

(X ()X (t1)) :=v(X(#)bX (t1)) — v(X (¢))br (X (t1))

is the common value of all three cumulants of second order. For the application of
such formulas in physical contextes we refer to [CSh,Chv,ESh,NSp1,ShA vKa2].

The Gaussian approximation in the case of the non-crossing cumulants reduces
our expansion formula to the so-called Kraichnan equation [Kra,FB,NSp1,NSp2],
which appears usually by some obscure ad hoc approximations. Thus our concept
of non-crossing cumulants and the corresponding expansion formula give a well
defined frame for a better conceptual understanding of the Kraichnan equation.

The Gaussian approximation means that we replace our process by another pro-
cess which has the Gaussian property with respect to the respective cumulants,
i.e. for which the respective cumulants of order higher than two vanish. For the
non-crossing cumulants this is exactly (modulo centering) what we called Gaussian
approximation in Def. 5.1.4. An important point is the question whether such an
approximation preserves positivity. Since physical distributions are always posi-
tive, this amounts to the question whether we replace the original problem by some
other physical problem or only by some mathematical truncation. In the latter case
the solution of the approximated expansion formula might show some unphysical
features.

For the non-crossing cumulants our Theorem 5.1.5 assures that the Gaussian ap-
proximation of a positive distribution is indeed positive and thus physically mean-
ingful. The same is true for the Gaussian approximation in the case of the partial
cumulants. For the ordered cumulants, however, we may loose positivity in mak-
ing such an approximation as pointed out by Hegerfeldt and Schulze [HS]. This
is intimately connected with the destruction of the time order in the definition of
the ordered cumulants. To see this more clearly, let us denote by v°'d, vP2r and
vNC the Gaussian approximations for a distribution v for the ordered, partial, and
non-crossing cumulants. Then, for a centered distribution, Example 5.3.2 shows
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that
(X (1) X (2) X (3) X (t4)) = v(X (81) X (£2)) - v(X (t3) X (t4))
+ v (X (t1)X (t3)) - v(X (t2) X (ta))
+ v (X (t1)X (ta)) - v(X (t2) X (t3))
VP (X (t1) X (t2) X (t3) X (ta)) = v(X (£1) X (t2)) - v(X (£3) X (t4))
NO(X (41) X (t2) X (t3) X (ta)) = v(X (t1) X (t2)) - v(X (t3) X (a))
+ 1/(X(tl)y(X(tz)X(tg))X(t4)>.

If we now put t3 = ts and t4 = t, then, for v positive, this yields
Vpa.r (X(tl)X(tQ)X(tz)X(tl)) = I/(X(tl)X(tQ)) . I/(X(tz)X(tl)) 2 0
and

VNC (X(tl)X(tQ)X(tQ)X(tl)) = V(X(tl)X(tz)) . V(X(tz)X(tl))
+ 1/(X(tl)y(X(t2)X(t2))X(t1))

> 0.
For v°*, however, we obtain
Vord (X(tl)X(tz)X(tQ)X(tl)) = V(X(tl)X(tz)) V(X(tQ)X(tl))
+ I/(X(tl)X(tQ)) . V(X(tz)X(tl))
+ v (X ()X (1)) - v(X (t2) X (t2)),

which is in general, namely if v(X (¢1)X (¢1)) and v(X (t2)X (t2)) do not commute,
not positive, thus showing that the ‘ordered’ Gaussian approximation does not
preserve positivity in general.

These considerations together with Remarks 5.3.3 show that the non-crossing
cumulants are the only ones which behave nicely in all respects and thus promise
to be a natural and powerful tool for dealing with questions around generalized
master equations.



