CHAPTER 111

AMALGAMATED FREE PRODUCTS

In this chapter we will define the notion of the amalgamated free product. This
(reduced) free product was introduced by Voiculescu [Voil] as a generalization of his
scalar-valued free product. In [Sped], we realized that the lattice of non-crossing
partitions governs the structure of the scalar-valued free product. Since a non-
crossing partition 7 € NC'(n) corresponds canonically to a bracketing of a monomial
of n factors, the combinatorial description admits a canonical generalization to the
operator-valued case.

As in the scalar-valued case the main concepts are the notions of moment and
cumulant function, which are quite special multiplicative functions and which are
related by convolution with the zeta or Mobius function. The philosophy behind
our combinatorial approach is that the free product is linearized by the cumulant
functions.

3.1. Basic notations

In the following B will be a fixed unital algebra. Then we will work in the
category of algebras over B and of B-functionals.

3.1.1. DEFINITION. Let B be a unital algebra.
1) A unital algebra A with 1 € B C A is called an algebra over B.
2) Given an algebra A over B, we call a linear mapping ¢ : A — B a B-functional
(or conditional expectation) if it is the identity on B,

o(b) =b for all b € B (in particular (1) = 1),
and if it has the bimodule property
e(brabs) = byp(a)by for all b1,by € B, a € A.
3) If B is commutative, then we call a B-functional ¢ : A — B a trace, if we have

elay...an) = (apay...a,_1) for all n € N and a4,...,a, € A.

Given algebras A; over B (i € I) with corresponding B-functionals p; : A; — B,
we want to define the amalgamated free product *;c7p; of the ¢; as a B-functional
on the algebraic free product

A :=xpA; with amalgamation over B.
i€l
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This algebraic amalgamated free product is given by the free algebra in all elements
from all A; (i € I), divided by the relations within each A; for all ¢ € I and the
additional relations which identify all the subsets B from all A; (see, e.g., [Bou]).
In the following we will usually identify Aj with its image under the canonical
embedding Ay — xpA;.

The idea for the definition of the free product functional ¢ is the following: Each
B-functional ¢; determines in a canonical way a multiplicative moment function
©;, from which we calculate a cumulant function ¢; = ¢; x u. Then we use the
idea that cumulants linearize our free product and define the cumulant function
corresponding to ¢ as the ‘direct sum’ of the cumulant functions ¢;. This direct
sum can be defined explicitly only on the set

A = UAZ C *BA,',

ieT el

which is a sub-module of the B-B-bimodule A with B ¢ A. Hence we shall in
general consider cumulant and moment functions which are not defined on the
whole algebra A, but only on such submodules A of A as just indicated.

3.2. Moment and cumulant functions

Our setting will now be the following: A is a unital algebra over B and A is a
sub-module of the B-B-bimodule A. We also require that A contains 1, and hence
B, i.e. we have

le BC AcC A, A sub-module of A.

3.2.1. DEFINITION. 1) A multiplicative ¢ = (™) € I(A, B) is called moment
function, if we have

eM(1) =1 (thus ™V (b) = b for all b € B)
and
e V(1@ ®apap @ Qan) =™ (a1 Ray Qa1 @ Day)

foralln > 2,all 1 <p<n-—1,and all ai,...,a, € A with aya,,; € A. The set of
all such multiplicative moment functions will be denoted by I"™ (A, B).
2) A multiplicative é = (¢™)) € I(A, B) is called cumulant function, if we have

V(1) =1 (thus ¢V (b) = b for all b € B)
and
(0@ ®apap1 @ @ an) =™ (a1 @ R ap ®apy1 ® - ® an)+
+ ) M ®®ay®ap1 ® - ® an).
TeENC(n)

|7 |=2
PFap+1

foralln >2,alll1 <p<n-—1,and all ay,...,a, € A with apaps1 € A. The set of
all such multiplicative cumulant functions will be denoted by I¢(A, B).
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3.2.2. REMARKS. 1) The cumulant property of ¢ € I°(A4, B) may also be stated
as (1 € NC(n —1), a1,...,an,apap11 € A)

M1 @ ®apap1 @ ®an) = Y o) Mm@ QayRap1 @ @ ayl,
c€ENC(n)

Olp=pt1="7

where o|,—p+1 € NC(n — 1) denotes that partition which results from o by identi-
fying the points p and p+1, i.e. if p ~, p+1, then we just remove p+1, whereas for
P %5 p+1 we also have to merge the two blocks containing p and p+ 1, respectively,
to one block. Note that, of course,

2. 2 = )
TeENC(n—1) ceNC(n) oceENC(n)

Olp=pt1=T

2) The corresponding general version for ¢ € I™(A, B) is

~

F@a1®  ®apaps1 @ @an] = f(0)la1 @+ @ ap ® ap41 @ -+ @ an),

where 0 € NC(n) is uniquely determined by o|,—p+1 = 7 and p ~, p + 1.

3.2.3. PROPOSITION. Consider ¢,¢ € I(A, B) which are related according to
©=Cc*( or ¢ = Q% L.

Then, ¢ is a moment function, if and only if ¢ is a cumulant function.

Formally, we may write
I =1I°% (¢ and I =1 % p.

PRroOF. First, we show that ¢ € I°(A, B) implies ¢ € I™(A, B). So assume that
¢ is a cumulant function. Then

(p(n_l)(al ® .. .®apap+1 ® P ® an) —

= Y e Onune o)
TteNC(n—1)

= ) Yo o) ® @ ay® a1 @ @ ay]
TteENC(n—1) ceNC(n)

Olp=pt1="m

= > )@ ®ay@ap1 @ ®ay)]
c€ENC(n)

=o™M(a1® - @ ay@ap 1 ® @ an),

ie. p € I™(A, B).
Assume now that ¢ € I™(A, B) is a moment function. We have to show that
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¢ = (™) is a cumulant function. The cumulant property of ¢(™ will be shown by
induction on n. For n = 2, the assertion is clear, since
cW(araz) = M (araz)
= ¢® (a1 ® az)
=@ (a1 ® az) + ¢V (ar) - M (ay)
= c®@ (a1 ® as) +¢((1), (2))[a1 ® a2).

Now consider n > 3 and assume the cumulant property to be true for all n’ < n,
in particular

{m1 @ Qapap1 ® - @apl = Y o) n® - ®ap@ap1 @ ®ay
c€ENC(n)

Olp=p+1="7
for all m € NC(n — 1) with 7 # 1,,_;. Then we have
C(n_l)(a1®...®apap+1®...®an) —
=" V(a1 @ apap ®@ - @ ay)
= Y Mm@ @ aptpp ® - @ ay)

TeENC(n—1)
W#ln_l
=0 (0, ® - ®ayRap11 ® D ay)
— Z Z é(a)[al®"'®a’p®a’p+l®"'®an]

TENC(n—1) ceNC(n)
T#lp_1  Olp=pp1=T7

:gp(n)(al®...®ap®ap+1®...®an)

- ) e()a1® - Qay R api1 @+ @ ay)
c€ENC(n)
Olp=pt+1#Ln_1

Yo o)1 ®®a,@ap ® - @ ay),
ceNC(n)
Olp=p+1=1n—1

which is the cumulant property for n. [

3.2.4. LEMMA. Let ¢ = (c™) € I°(A, B) be a cumulant function. Then, for
n>2anday,...,a, € A,

c(ay ® -®a,) =0, ifthere exists p € {1,...,n} such that a, € B.

PRrROOF. By induction on n. For n = 2 and as = b € B we have
¢V (a1)b =M (a1d) = P (a1 @ b) + P (ay) - ¢V (b) = ¢ (ay @ b) + ¢V (aq)b,

implying ¢(® (a; ® b) = 0. The case a, = b € B is similar.
Now assume the assertion to be true for all n’ < n, where n > 3. We consider the
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case p € {1,...,n — 1}, p = n is analogous. We have with a, = b € B (note that
bap+1€;1)
c(")(a1®...®b®ap+1®...®an):C("—l)(a1®...®bap+1®...®an)
_ Z é(/ﬂ)[(h@...®b®ap+1®...®an]_

pF=p+1

Because of our induction hypothesis only mp := {(p),(1,...,p—1,p+1,...,n)} €
NC(n) gives a non-vanishing contribution in the sum, i.e.

a1 ® - QbRap 1 ® - Day) =
:C(n_l)(a1®...®bap+1®...®an)

:C(n_l)(a1®...®bap+1®...®an)
=0. O

o) a1 ® - ®b @yt & - ® an]
c(n—1) ((11 R ® C(l)(b)ap+1 R ® an)

3.2.5. PROPOSITION. If A = A is an algebra over B, then each moment function
¢ = (™) € I™(A, B) is uniquely determined by a B-functional ¢ : A — B wvia

™M (a1 Q- ®an) = p(ar...an) (neNay,...,a, € A).

ProOF. Given a B-functional ¢ : A — B, we define ¢ = (¢(™) by the above
equation. Of course, ¢ is a moment function.
Conversely, given ¢ = (¢(™) € I"™(A, B) we put ¢ := ¢(1). Because of p1)(1) =1
and the bimodule property of the ¢(™ we have p(b) = (1) (b) = b for b € B, thus ¢
is indeed a B-functional. Since ¢ € I"(A, B), we get the required equation, namely

e™(a1 @ - ®a,)=9W(ar...a,) = play...a,). O

3.2.6. NOTATION. In the situation considered in Prop. 3.2.5 we will say that
¢ is the moment function of ¢(*) = ¢ and that the corresponding ¢ = ¢ % p is the
cumulant function of ¢V = (M) = o,

3.2.7. EXAMPLES. 1) For illustration, let us write down for this case the explicit
formulas for small n for the connection between the B-functional ¢ : A — B and
its moment function ¢ = (™) and its cumulant function ¢ = (c(™):

cM(ay) = oM (ay)
= p(a1)
(a1 @ az) = P (a1 @ ag) — M (a1) - ¢ (az)
= p(a1a2) — ¢(a1) - p(az)
(a1 ® az @ ag) = o (a1 ® az ® as) — M (a1) - 0@ (a2 ® as)

— @ (alw(l)(az) ® as) - 90(2)(@1 ® asz) - 90(1)(@3)
+20M (a1) - M (a2) - V) (as)

= p(araza3) — ¢(a1) - p(azas) — p(arp(asz)as)
— p(a1az2) - p(az) + 2¢(a1) - p(az) - p(asz).
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2) Note that the function ¢(7) is now nothing else than the evaluation with the
help of ¢ of the bracketing corresponding to m. Our example 2.1.2 reads for the
moment function as follows

¢((1,6,8),(2,5),(3,4),(7),(9)[a1 ® - - - R ag] =

=@ (0180(@280(@3@4)%) 61680(@7)%) ¢(ag)

corresponding to the bracketing
(al (az (a3a4)a5)a6(a7)ag) (ag).

3.2.8. PROPOSITION. Consider the special case

A= UAi - Z_keB}Ai —: A.
iel

Then each moment function ¢ € Im(fi, B) s the restriction of a uniquely deter-
mined moment function ¢ € I™(A, B). In particular, ¢ is the restriction of the
moment function of a uniquely determined B-functional ¢ : A — B.

PROOF. Let ¢ = (¢™) € I"™(A, B) be a moment function. Each element a
in A = xgA; can be written as a sum of elements ¢ = ay...a, with n € N and
a; € A. We put ¢(a) := ™ (a; ® --- ® a,). Of course, the representation of a is
not unique, but the only relations are the identification of all B C A;, the relations
within all A; and linear relations. Since ¢ is a moment function on A = Uz'e 7 A, it
respects all these universal relations of the free product, thus the definition of ¢(a)
is independent of the special choice for the representation of a. Hence ¢ : A — B is
a well-defined B-functional, which gives rise to the corresponding moment function
= (p™) €I™(A, B) via

™M (a1 ® - Ran) = @(ay...an) (neN, ay,...,a, € A).
Of course, (ﬁ is an extension of ¢, and quS and ¢ are uniquely determined by ¢. [0

3.3. Definition of the amalgamated free product
Now we can define our amalgamated free product. We are given B-functionals

@i+ A; — B (i € I) and we want to define the B-functional

*,e1P5 - *BAi — B.
1

Each ¢; (i € I) determines, by Prop. 3.2.5, a moment function ¢; = (gol(n)) €
I"™(A;, B) and a corresponding cumulant function ¢; x p =: ¢; = (CE”)) € I°(A;, B).
According to the idea that cumulants linearize the free product we define

é::@éi on A::UA,~C*BA,~

iel il el
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by ¢ = (¢™) with (n €N, ay,...,a, € A)

C(n)(a1®"'®an):
:{c,gn)(a1®---®an), ifai,...,a, € Ay fora kel

0, otherwise.

Note that the only ambiguity in this definition might appear if at least one of the
a; is in Ax N A; = B. But in this case all possible cases of the definition agree,
namely, for n = 1, we have ¢(1)(b) = c,(cl)(b) = cl(l)(b) = b and, for n > 2, we have
in any case, by Lemma 3.2.4, that ¢ (a1 ® --- ® a,) = 0. Thus ¢ € I(4,B) is
well-defined. It is also easy to check that the cumulant property for all ¢; implies
this property also for ¢, thus ¢ € I°(A, B). But then ¢ ¢ =: ¢ € I™(A, B) is,
by Prop. 3.2.8, the restriction of the moment function of a uniquely determined
B-functional ¢ : xpA; — B. This ¢ is our amalgamated free product of the ¢;.

3.3.1. DEFINITION. 1) Let, for i € I, ¢; : A; — B be B-functionals with
cumulant functions ¢; € 1°(4;, B). The B-functional

© = *ier1p; : *pA; = B,
iel

uniquely determined by the requirement that the restriction to A := Uie 7 A; of
its cumulant function coincides with P, ¢; € I°(A, B), is called the amalgamated
free product of the ;.

2) Let an algebra A over B and a B-functional ¢ : A — B be given and let A;
(i € I) be subalgebras of A with B C A; C A. Denote by ¢ € I¢(A;, B) the
restriction of the cumulant function of ¢ to A;. If the restriction of the cumulant
function of ¢ to A :=(J,c; A; coincides with @,.; & € I°(A, B), then we say that
the family (A;);cr is free in (A, p).

3) Let an algebra A over B and a B-functional ¢ : A — B be given and let X;
(i € I) be subsets of A. Denote, for each i € I, by A; C A the algebra generated by
B and X;. Then we say that the family (X;);cs is free in (A, ) if the corresponding
family (A;)icr is free in (A, ¢).

i€l

3.3.2. REMARKS. 1) Note that our operation x is clearly associative, since, e.g.,
(p1 * p2) * p3 and @1 * (@3 * @3) are both B-functionals on (A xp As) xp Az =
Ay xp Ay xp A3 = Ay xp (A2 xp A3), and the restrictions to A; U As U Ag of their
cumulant functions coincide, so they must be equal.

2) Lemma 3.2.4 implies that if (A;);er is free in (A, @), then B U (A;);er is free in
(A, @), too. In particular, we have that B and A are free in (A, ¢).

The next proposition shows that our amalgamated free product coincides with
the corresponding notion of Voiculescu [Voil,Void].

3.3.3. PROPOSITION. Let ¢ = x;jc1p; : xpA; — B.
1) The restriction of ¢ to A; is ¢; (i € 1),

ola, = @i for allieI.

2) Let ay, € Ajay (k=1,...,n) such that i(k) #i(k+1) fork=1,...,n—1 and
o(ar) = ©imy(ag) =0 for k=1,...,n. Then ¢(ay...a,) =
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8) Let ar, € Aypy (k = 1,...,n) and a4y € Ajqy (I = 1,...,m) such that
i(k) #i(k+1) (k=1,....n—1) and j(I) # jl+1) (1 =1,....m —1) and
plag) =p(a) =0 fork=1,...,n andl=1,...,m. Then

o(a1ag ... QG . . . A2a071) = 6nm<p(a1<p(a2 cplapay) .. .dz)d1>.

In particular, p(ay ...0nGm .. .a1) is only non-vanishing, if n = m and i(k) = j(k)
forallk=1,...,n.

PROOF. 1) We have for a € A;

p(a) = o (a) = ¢V (a) = Y (a) = " (a) = pi(a).
2) For each interval [k,{] in (1,...,n) we have c(=**D(a; ® -+ - ® a;) = 0, because
(for I = k) ¢M(ax) = oM (az) = ¢(ar) = 0 and (for I > k) ¢t (ax ®ap41®...) =0
by the definition of ¢ = @,; ¢ (ar and agq arve from different algebras). Since

each m € NC(n) contains such an interval, we have é(7m)[a; ® -+ - ® a,] = 0 for all
m € NC(n) and thus

olar...an) =™ (a1 @ Qay) = Z é(m)la1 ® - ®ap] = 0.
TeNC(n)
3) This follows either directly by the characterization 2) (compare [VDN]), or it
may be seen in our frame as follows: We have

(a1 .. Opim .. a1) = "™ (01 @ @y @y @ - @ )

= ) UMa1® @y ®am @ ®al.
TeENC(n+m)
However only such 7 contribute in the sum which connect elements from the same
algebra and which, by ¢(ax) = ¢(a;) = 0, have no blocks consisting of a single
element. A moment’s reflection reveals that, for n # m, there is no such non-
crossing partition in NC(n + m), whereas, for n = m, there is exactly one such T,
namely

m={(1,2n),(2,2n - 1),...,(n,n+1)}.

This, together with the fact ¢(®)(ay ® bay) = @(agbay) for b € B, gives the asser-
tion. U

Our general considerations in the last chapter on the connection between f and
g = f x( yield now directly that some properties of the ¢; transfer also to the free
product x;crp;.

3.3.4. PROPOSITION. 1) If all p; : A; — B (i € I) are homomorphisms, then
xic1@i : xpA; — B is a homomorphism, too.
2) Let B be commutative and assume that all ¢; : A; — B (i € 1) are traces. Then
x;c10i : *xpA; = B is a trace, too.

PROOF. 1) Let, for i € I, ¢; = (¢™) € I™(A;, B) be the moment function of
@; and ¢; = (cz(")) = @i xp € I°(A;, B) the corresponding cumulant function. Since
©; is a homomorphism we have

@l(.n)(al R Qap) =ilar...a,)

= pi(a1) ... pi(an)

= oM (a1) ... oM (ay)
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for all n € N and all ay,...,a, € A;. But this means for all n > 2, by Corollary
2.5.5, cz(-") = 0. This implies of course the same property for ¢ = P, ;¢ and
thus, again by Corollary 2.5.5, the homomorphism property for the B-functional
corresponding to ¢, i.e. for *;crp;.

2) The fact that ¢; is a trace is the same as the fact that the corresponding moment
function is tracial in the sense of Def. 2.4.1. Since @, ; ¢; is tracial if the ¢&; are,
the assertion follows by Prop. 2.4.3. [

el

3.3.5. REMARK. Note that in the case where all ¢; : A; — B are homo-
morphisms our free product coincides with the usual notion of a ‘free product of
homomorphisms’, see, e.g., [Bou].

3.3.6. ExampLES. Let us illustrate the calculation procedure for ¢ = *;c1p;
out of the ¢; by some examples. We will always assume that ax € A;,).
1) The (A;, ;) are stochastically independent in (A, ¢), which means

p(araz) = p(a1)p(az) if i(1) # i(2).

We even have the stronger pyramidal factorization property (which plays a funda-
mental role in Kiimmerer’s stochastic integration theory [KP,Kiim1,Kiim2,KSp]),
namely

p(araza3) = p(arp(az)as)  if i(1) =i(3) # i(2).
This can be seen as follows: Only 7 € NC(3) appear which do not couple {2} with
{1, 3}, thus, by putting i(1) := 1 and i(2) := 2,
o(arazas) = o (a1 ® az ® as3)
=¢((1),(2),(3))[01 ® a2 ® as] + ¢((1,3), (2))[a1 ® a2 @ ag]
= M (a1) - P (az) - ¢V (az) + P (a1 ® cgl)(az)ag)
= 909) (al ® 909)(@2)@3)
= <,0(a1<,0(a2)a3).
2) Assume 1 = i(1) = i(3) # i(2) = i(4) = 2 and consider p(ajazaszays). Only
m € NC(4) appear in our formula which do not couple {1,3} with {2,4}, thus
(a1 ®az ® az @ ay)
=¢((1),(2),(3), (4)[a1 ® a2 ® as @ ad] + ¢((1,3), (2), (4))[a1 ® a2 ® a3 @ a4
+¢((1),(2,4), (3))[a1 ® a2 ® a3 @ ay)
= ¢ (a2) - €5 (a2) - i) (aa) - 5" (aa) + 17 (a1 ® " (a2)aa) - &5 (aa)
+ eV (ay) - P (a2 ® b (as)as)
= p(a1) - p(az) - p(as) - p(as) + {p(arp(az)as) — p(a1) - p(az) - p(as) }p(a)
+ @(a1){e(azp(as)as) — p(az) - p(as) - o(as)}
= p(arp(az)as) - p(as) + p(a1) - p(azp(az)as) — p(a1) - p(az) - p(as) - ¢(as).

p(arazazas) = o*

3.3.7. NOTATION. Sometimes one would also like to take the amalgamated
free product of a B-functional ¢ : A — B with an ordinary unital functional
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¢ : C' — C, where C' is an arbitrary unital algebra. To put this into our frame we
extend C' to an algebra over B, namely Cp := C'® B, and ¢ to the B-functional
OB = PpRid, i.e.

¢B:CB:C®B—>B
c®b— ¢(c)b.

Then we can form ¢ x ¢ as usual and call this the amalgamated free product of ¢
and ¢, also denoted by ¢ * ¢.

3.4. Explicit formula for ¢; * @2

In this section, we want to present a formula which allows us to express the
moments of ¢ := @1 x5 directly in moments of ¢; and moments of 5. In principle,
we know how to do this, namely we have to calculate the cumulant functions of ¢y
and @9, add them as direct sum to get the cumulant function of ¢ and calculate from
this the moment function of . This shows that there exists a formula describing the
relation between the moments of ¢ and those of ¢; and @5, and one may wonder
whether it should not be possible to write down this connection more explicitly
without having to calculate cumulants.

The first observation in this direction is that one only needs the cumulants of
one of the two ¢;, because one can make partial summations in the following way:
Let us consider ¢(a;...a,) with ai,...,a, € A = A; U Ay. Now we choose a
decomposition of S = (1,...,n) into S = S; U Sy with S; NSy = 0, such that
a; € Ay for i € S; and a; € Ay for i € Sy. In general (i.e. if some of the
a; are in Ay N Ay = B), there is no unique such decomposition, but the crucial
conclusion of all our foregoing considerations on the free product was the insight
that the result of our calculations of ¢1 * pa(a; ...a,) is independent of the special
chosen decomposition. Of course, it suffices to consider ay ...a, where the a; come
alternatingly from A; and As. But our considerations are not restricted to this
case, so we will treat arbitrary a;...a, with a; € A and fix some decomposition
S = 51 US,. Then, by the definition of ¢ = ¢; ® ¢o, in our formula

plar...an) =" (a1 @ ®a,) = Y EmMa®-- @ ay]
TENC(n)

only such # € NC(n) = NC(S) contribute where 7= does not connect elements
from A; with elements from A, i.e. 7 must be of the form m = 7 U mo, where
w1 € NC(S1) and mo € NC(S2). Hence we can split our sum into (comp. our
notation in Prop. 1.1.4)

plar...an) = > Yo HmUm)a1®- - ® an).

m1ENC(S1) mENC (m1,S2)

But now the second sum can be carried out and we obtain with our Notation 2.1.4

plar...an) = Y Y (aUé)(mUm)a®- @ ay]

TrleNC(Sl) WQENC(SQ)
mo<m]

= Z (61U<,2)2)(7T1U7rf)[a1®---®an].
WleNC’(Sl)
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In this formula we only need the cumulants of ¢, but not those of s.

3.4.1. ExaMPLE. Consider again p(ajazasay) with ay,as € Ay and az, aq4 € As.
We have S; = (1, 3) and the above formula says

p(araza3as) = (61U ¢2) ({(1,3)} U{(2), (4)})[a1 ® a2 ® a3 ® ay]

+ (U @2)({(1), 3)} U {2,901 ® a2 ® a3 ® ad]
= ¢ (a1p2(a2) ® az) - pa(aa) + ¢t (a1) - 2 (ascl? (az)as),

which reproduces our result from Example 3.3.6.

To get also rid of the cumulants of ¢; we need the following trick: Let U be a
unital x-algebra generated by a unitary u, i.e. uu* = u*u = 1, and equipped with
a linear functional ¢ : U — C with the properties ¢(1) = 1 and ¢(u) = ¢(u*) = 0.
We extend this to ¢p (= ¢ ® id on Up := U ® B and instead of calculating
01 * p2(ay...ay) (for ay,...,a, € A=A U Az) in (A7 xp Ag, p1 * p2) we can of
course do this in (Up *xp Ay *p As, dp * p1 * p2). We will denote in the following
dB * 1 * P2 just by ¢ x 1 * p2. Let as before (1,...,n) =S = S; US, be a fixed
decomposition such that a; € Ay if i € Sx (k = 1,2). Now we observe that with
(t=1,...,n)

a; =

_ a;, for i € S
ua;u*, fori € S

the elements ay ...a, and @ ...a, have the same distribution, i.e.

p1*@2(ar...an) =@ x @1 x@a(ar...a,) = Q*x o1 *xpa(ay...ap).

This is true, because the moment functions of s on A and of ¢ * 3 on uAsu*
coincide: For cq,...,c; € Ay we have

= ¢ x pa(ucy ...cpu®)

= ¢(uu*)pa(cy ... cx)

= (,02(61 .. .Ck)

k

=8 (c1 @ ® ).
Thus, instead of ¢7 * pa(ay...a,) we can calculate ¢ * @1 * p2(ay...a,) =
¢ * (p1 * p2)(ay ...a,). If we consider a;...a, as a monomial in a;,u,u*, let’s
say of length k& = n + 2|Ss|, and decompose (1,...,k) = Ty UTs, where T} contains
the positions of the u» and v* and Ty = S1 US> contains the positions of the a;, then,

by our foregoing considerations (for notational convenience, we identify ¢1 * @2 with
its moment function),

o1 *xpa(ar...az) =@ * (o1 xp2)(a1...an,)

- Z (EU (p1x@2))(mUT)]a1® - ® an],
71'1€NC(T1)

where ¢ is the cumulant function of ¢p and where an element a; = ua;u* (for
i € Ss) in the tensor a; ® -+ ® a, has to be read as u ® a; ® u*, i.e. we are
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working in NC(k) and not in NC(n). Since ¢ takes its values in C, it commutes
with everything and, with the canonical identifications 7§ € NC(Tz) = NC(S) and
m € NC(Ty) = NO(S(2|S2|)), we get

p1xpa(ay...ay) = Z Hm)u@u* @ue---Qu*]- g1 *p2(mf)[a1 @ - R ay].
7T1€NC(T1)

The crucial observation is now that ¢(m1) vanishes in many cases and the remaining
my are of such a form that 7§ does not couple elements from S; with elements from
Sy, i.e. w6 € NC(S1,S2) and hence o1 * po(7$)[a; ® - -+ @ a,] decomposes always
into a product of moments of ¢; and moments of 5.

3.4.2. PROPOSITION. Let U be a unital x-algebra, v € U a unitary element
and ¢ : U — C a linear functional with ¢(1) = 1. If ¢p(u) = ¢(u*) = 0, then the
cumulant function ¢ = (¢(™) € I°(U, C) of ¢ has the following properties:

1) For n =2k + 1 odd, ™) panishes on alternating tensors in u and u*,

D u ue---ou) =W Queu*®---@u*) =0.
2) For n = 2k even, we have on alternating tensors

APuu @ue--ou) =W eueu e - 0u) = (-1)" g,

_ L[ 2k
b= \k-1)

3) The expression ¢(m)[u@u* @u® - --Q@u*| for alternating tensors is only different
from zero if m = {Vi,...,V,} € NC(T1) has the property that all |V;| are even and
each V; (i =1,...,p) connects alternatingly u and u*. In this case

where ¢, is the Catalan number

muu* @ue---@u'] = (—1)|S2|_pC|V1|/2_1 C OV, | 2—1

PROOF. 1) The proof will be by induction on k. For k = 0, we have

D (u) = p(u) =0 = p(u*) = M (u").

Now consider £ > 0 and assume the assertion to be true for all ¥’ < k. By the Def.
3.2.1 of a cumulant function and by Lemma 3.2.4, we have with n = 2k + 1

Muu eue---Qu) =
=" NAQue---eu) - Y Nueueu®---®u

TENC(n)
[ =2
1.2
=— Z mMu@u* Que - ® ul.
TeENC(n)
7| =2

12
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Now the 7’s in our sum must be of the form
r={(LLI+1,...,n),(2,3,....,1—1)} for some [ € {3,...,n+1}.

But then é(7)[u @ u* ® u ® - - - ® u] vanishes by induction hypothesis, since exactly
one of the two blocks of 7 gives an alternating tensor in v and u* of odd length
2" +1 <2k +1.

For tensors of the form u* ® u ® u* ® - - - ® u* the proof is the same.

2) The proof is again by induction on k. For k = 1, we have

P (u@u*) = luu*) — p(u) - $(u*) = 1 = co,

and the same for ¢ (u* ® u).
Now consider & > 1 and assume the assertion to be true for all &’ < k. As before
we have with n = 2k

n+1
:—Zé((l,l,l+1,...,n),(2,3,...,l—1))[u®u*®u®---®u*]
=3

n+1

=3
=2k’ even

k

k'=2
k
k—k' k'—2
==Y (=) Mo (—1)F P
k'=2
k—1
- (_1) Ck—1,
where only even [ survive in the sum, because  otherwise

D @ueu*®---®@u*) =0 bei part 1).
The proof for tensors of the form u* @ u® u* ® - - - ® u is the same.
3) This follows directly from 1) and 2). O

3.4.3. REMARK. If ¢ fulfills the stronger requirements
p(uF) = p(u**) =0  for all k > 1,

then one can show in the same way that, for n = 2k + 1 odd, ¢(™ vanishes on all
tensors in v and u*,

c(2k+1)(u1 ® - - QUgkr1) =0 for all uy,...,ugk41 € {u,u"},
and, for n = 2k even, it is only different from zero on the alternating ones
(wyy ... ugg € {u,u*})

C(zk)(’U,1®®U2k):0 ifui:UH—l foraie{l,...,%—l}.

The value on the alternating tensors is, of course, the one given in part 2) of the
foregoing Prop. 3.4.2.
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3.4.4. PROPOSITION. Let as above T =Ty UTy =T US1 USs.
1) If ;; € NC(Ty) has the property

r)u@u* @ue - - @u*| #0,
then § € NC(Tz) 2 NC(S1 U Ss) does not couple Sy with S, i.e.
7y € NC (S, 52).
2) Conversely, if m € NC(S1,S2) C NC(T3), then we have for m¢ € NC(T)

) uu @ue---@u*] #0.

PROOF. 1) Assume there exist iy € Sy and i € Sy with 4y ~rc is. Then the
interval ]iy, i2[NTy C T is not empty, because it contains at least the position of the
u of a;, = ua;,u*. Since ]iy, i3] N7} contains an odd number of elements (all i € S
with i; < @ < ip contribute both a u and a u*, only i3 has an odd contribution) and
since each block of 7 is either disjoint or totally contained in ]iy, io[ NT7y, it follows
that at least one block of 71 has an odd number of elements. But then part 3) of
Prop. 3.4.2 yields a contradiction to our assumption.

2) By Prop 3.4.2, we have to convince ourselves that all blocks of 7¢ have an even
number of elements and connect alternatingly u with u*.

Assume that we have j; ~;c jo where j; < jy are the positions of two u’s. We will
show that there is a j corresponding to a u* with j; ~yc j ~ze 72 and 71 < 7 < Ja.
The successor of j1, namely j; +1 € T', has to be in Sy. If V' € 7 is the block of 7
containing this j; + 1, then V. = (j1 + 1,...,k) with j; < 71 +1 < k < j3. Since
also k£ has to be in S5, the next position, j := k + 1, corresponds to a u*. It is clear
that jl ~N e ]

Now we show the same for two u*’s. Let j; ~,c jo be their positions. The prede-
cessor jo — 1 belongs to S3. The block V' € 7 containing this jo — 1 has to be of
the form V = (k,...,jo — 1) with j; < k < j2 — 1 < jo. Now the predecessor of k,
j := k — 1, must be the position of a v and again we have j; ~yc j ~zc Jo.

It remains to show that all blocks of 7¢ have an even number of elements. Let us
assume that we have a block V' = (k,...,l) € w¢ which starts and ends with the
position of a u. Then [ + 1 € S5 belongs to some block W € w. If [ + 1 is not
the first element in W, i.e. W = (...,i,l+ 1,...), then i < k and, since i € So,
we have that ¢ + 1 corresponds to a u*, hence + +1 < k and 2 + 1 ~,c k, which
yields a contradiction. If W = (I +1,...,7), then j + 1 is the position of a u* and
[ ~zc 7+ 1 which is again a contradiction. Thus it is impossible that a block of
w¢ starts and ends with the position of u’s, which implies that the same cannot
happen with «*’s. This proves our assertion. [

Thus the formula

p1xp1(ay...a,) = Z p1xa(m])[a1 @ - Qay] - ¢(m)[uRu QuR - - @ u*|
71'1€NC(T1)

gives us the wanted prescription for expressing moments of ¢; % o in terms of
moments of ¢; and moments of ¢s. The rule is to replace in a; ...a, each a; for
i € Sy by ua;u* and to sum over all 7 € NC(Ty) which connect alternatingly
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u with w*. The corresponding 7§ connects then only within A; and within As,
thus 1 % pa(7§)[a1 ® - - - ® ay,] factorizes into moments of ¢, and moments of ps.
The expression ¢(m)[u @ u* @ u ® --- @ u*] gives a weighting factor for such a
contribution. As we said before this is true for all decompositions S = S; U Sy,
not only for alternating ones. But in a general decomposition, a 79 € NC(T3) may
appear several times as my = 7{ for different 7y, so in this general case our formula
is not a reduced one and there may be cancellations of terms. For example, if we
consider ajasas for a; € Ay and a2, a3 € Ay, then our prescription yields (where
all partitions are now considered as elements in NC(7))

1 * pa(arazaz) = ¢ * 1 * pa(ajuazu*uazu™)

:g01*<p2(( ), (3), (6))[a1®a2®a3] c(( 2,4,5 ))[u@u*@u@u*]
+ 1% 2 ((1), (3), (6))[a1 ® as ® as] - &((2, ) )@ ut @u®ut]
+solwz((1), ,6))[a1 ® az ® as] - ¢((2,7), (4, ))[u@u ®u®u’

—p1(a1) - 2(612) p2(as)
+901(a1) p2(asz) - p2(as)
+ ¢1(a1) - p2(azas)

= p1(a1) - p2(azas3),

since
Auweu)=cP(weou=1 ad Hueuoueu)=-L

This result follows, of course, much simpler, if we write a;asas in the form aq(asas)
with a1 € Ay, agag € A;. Then we have (now in NC(4))

p1 * pa(a1a2a3) = ¢ * p1 * P2 (alu(a2a3)U*)
= 1% pa((1), (3))[a1 ® azas] - ¢((2,4))[u @ u*]
= p1(a1) - pa(azaz).

Of course, we can always restrict to the consideration of decompositions S = S;US5
where Sy is separated by S;. This implies that 77 is separated by Ty and then, by
Prop. 1.1.4, we have for all m; € NC(T}1) that (7§)¢ = 71. Hence each my € NC(T3)
appears at most once in our summation (namely, if 73 = 7§ for a my € NC(T})),
there cannot occur cancellations and our formula is in a reduced form. If S = S;US,
is even an alternating decomposition, then T' = T7 UT5 is alternating, too, and each
7o € NC(T?) is of the form my = 7§ (for m; = 7§) and we can rewrite our formula
in the form

01 % p2(ay...an) =
= > 1 * p2(m)[ar ® - ® an]  AMH[u DU DUD -+ @ u¥].
WQENC(Sl,Sz)CNC(Tl)

In this case, all possible non-crossing factorizations of a; ...a, into blocks in A,
and blocks in As give a non-vanishing contribution.
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3.4.5. ExAMPLES. 1) Counsider again ajasaz with aj,a3 € Ay and ag € As.
Then S = (1,2,3) = (1,3) U (2) and S; is separated by S;. We have in NC(5)

1 * pa(atazas) = ¢ x 1 * pa(ajuasu®as)
= 1 *92((1,5),(3))[a1 ® a2 ® ag] - ¢((2,4)) [u ® u*]
=¥ (M‘Pz(az)a:&)-

Note that the decomposition of S is not alternating, because (1,3) C S is not sepa-
rated by a pair in Ss. This corresponds to the fact that the term
p1(a1)p2(az)pi(as) does not appear.

2) Consider ajasasay with aj,a3 € Ay and ag,a4 € Ag, compare Example 3.3.6.
Then the decomposition S = (1,2, 3,4) = (1,3)U(2,4) is alternating and all possible
factorizations corresponding to NC’((I, 3), (2, 4)) appear:

1 * pa(arazazay) = ¢ * p1 * Y2(aruasu*aguasu™)
= 1% 2((1), (3), (5), (7)) a1 ® a2 ® a3 ® a4] - &((2,4,6 )u®u Qu® u
+<p1*<p2((1 5),(3),(7))[a1®a2®a3®a4] é( 4 )u®u*®u®u*]
(3,7),(5))[a1 ® a2 ® ag ® a4] - &(( 2,8 ,6)u®u* @u u*]

+ 1% 902((1),
2

= —p1(a1) - p2(az) - p1(az) - p2(as)
+ p1(a1p2(az)as) - p2(as)
+ @1(a1) - 02 (a2e1(as)aq),

yielding directly the reduced result of Example 3.3.6.

3.5. Positivity of the amalgamated free product

Up to now we have only talked about B-functionals without equipping them
with some positivity property. Here, we want to treat such questions, in particular,
we ask about the positivity of our free product construction, i.e., whether *¢p; is
positive, if the ¢; are. For the notion of positivity, we need of course a *-structure
on our algebras A and B. It will also be essential that B has a nice positivity
structure, therefore we demand it to be a C*-algebra. For the x-algebra A no such
restriction is required.

Since our functionals are in general not scalar-valued but take their values in the
C*-algebra B, one has to distinguish, a priori, between the notions of ‘positive’ and
‘completely positive’. But for conditional expectations, the only case we consider,
these two notions coincide.

For the C*-algebra B each positive element is of the form bb* for some b € B.
Correspondingly, we will also call an element of the form aa* (a € A) for our
x-algebra A a positive element.

By M, (A) = M, ® A, we denote the algebra of all n X n-matrices with entries
from A, equipped with the canonical *-structure: For a = (a;;);';=1 € M, (A), we

have
X __ (= \N : — %
o = (Gi)7 j=1 with @ij = aj;.

If B is a C*-algebra, then, of course, M,,(B) is a C*-algebra, too.
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3.5.1. DEFINITION. Let B be a unital C*-algebra and A a unital x-algebra.
Consider a unital linear map ¢ : A — B.
1) We say that ¢ : A — B is positive if

e(aa™) >0 for all a € A,

i.e. if there exists for each a € A an element b € B such that p(aa*) = bb*.
2) We say that ¢ : A — B is completely positive if, for each n € N, the map

¢ ®idy : My, (A) = M, (B)

(@ij)ij=1 = ((p(aij))?,jzl

is positive.

The following trivial facts about our notations can, for example, be found in
[Pau].

3.5.2. LEMMA. 1) Each positive element aa* in M, (A) (o € M, (A)) can be

written as
n

aa® = Z(az(-k)ag-k)*)n € M, (A)

i,j=1
k=1

for some agk) €A (i,k=1,...,n).
2) Let ¢ : A — B be a unital linear map. Then the following statements are
equivalent:

a) The map ¢ : A — B is completely positive.

b) For eachn € N and all ay,...,a, € A, the element ((p(aia;f))?jzl € M, (B)

1S positive.
c) For each n € N and dll ay,...,a, € A, there erist elements bgk) € B
(i,k=1,...,n) such that we have

p(aa}) = Z bgk)bg-k)* foralli,j=1,...,n.
k=1

ProOOF. 1) Write a = (aij)7;—;. Then

aa® = Z(agk)a(k)*)n with agk) = ;.

i Jij=1
k=1

2) a) = b): Since (a;aj)7;_; is positive in My (A), this implication follows by the

very definition of ‘completely positive’.
b) = ¢): Consider the matrix (go(aia;f))?jzl € M, (B). By b), it is positive and
hence part 1) ensures that it can be written in the form

n

(wlaia})); oy = > (0887
k=1
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for some bgk) € B (i,k =1,...,n). Comparing the entry (i,7) on both sides gives
statement, c).

c) = a): We have to show that ¢ ® id,, (aa*) > 0 in M, (B) for all n € N and all
a € M,(A). By 1), we have

for some agk) € A. Thus c) gives

@ idy, (aa®) = Z(SO( 2 §k)*) ij=1

_ Z (k l)b(k l)*
1,5=1

k=1 I1=1
>0. O

The coincidence of ‘positivity’ and ‘complete positivity’ for B-functionals relies
essentially on the following characterization of positive elements in M, (B). For a
proof we refer to [Pas].

3.5.3. LEMMA. Let B be a unital C*-algebra. Let n € N and l;ij € B
(i,j=1,...,n). Then the following statements are equivalent.
a) The matrix (Bij)zy'zl € M, (B) is positive.
b) We have

> bibigh; >0 forallby,...,b, € B.

ij=1

The preceding two lemmas have now the following implications for positive B-
functionals.

3.5.4. PROPOSITION. Let B be a unital C*-algebra, A a x-algebra over B, and
v : A— B a positive B-functional. Then ¢ has the following properties.
1) ¢ is completely positive.

2) For each n € N and all ay,...,a, € A there exist elements bgk) € B
(i,k=1,...,n) such that we have

=" forallij=1,...,n.

Proor. By 3.5.2, it suffices to show that for each n € N and all a4,...,a, € A
the matrix (cp(aia;))?j:l € M, (B) is positive. But now we have for all by, ...,b, €
B that

ibiap(aia;)b;:i p(bia;a;by) = (Zbal Zb a;) )_ ,

ij=1 ij=1
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which implies, by 3.5.3, the assertion. [

3.5.5. REMARK. Note that positivity of a B-functional ¢ implies in particular
p(a*) = p(a)* for all a € A.

Now we are in the position to prove our main result concerning the positivity of
the amalgamated free product.

3.5.6. THEOREM. Let B be a unital C*-algebra and let ¢; : A; — B (i € I) be
positive B-functionals. Then the amalgamated free product

¢ = *ie1p; : *pA; = B
el

18 positive, too.
Proor. We have to show
p(aa®) >0 for all a € *xpA;.
i€l

We can write each such a as a finite sum of elements of the form a; ...a,, where
n € No, ap € Ay, (k) # i(k+1) for k = 1,...,n — 1, and p(ag) = 0 for
k=1,...,n. (For n =0, this shall mean that a is a multiple of the unit 1.) If we
have two such elements, say a;...a, and a; ...a,,, then, by Prop. 3.3.3, we have

o(ay ... 0n_10p0mGm_1...01) = 5nmg0(a1 .. .@(an_lw(andn)&n_l) .. .d1>.

This implies in particular that elements of this form with different length n or

different tuples (i(1),...,i(n)) are orthogonal with respect to ¢, hence it suffices

to consider elements a of the form a = Zk 1 a(k). a,(l ), where r € N, n € Np,

ag) € Ajyy (for all k = 1,...,r) with i(j) # i(j +1) for j = 1,...,n — 1 and

(p(a;k)) =0forallj=1,...,nand k=1,...,r. Then we have

)= 3 (o (e plaP o) ol

k,l=1

Since p;(p) is positive, Prop. 3.5.4 tells us that we can write

p(afa*) = oy (alFaD") Z b0 forall k,l=1,...,r

ro=1

with some b,(«’fl) € B (rp,k=1,...,r). Hence

P ) = 3 g T o)

n "Tn
ro=1

and we can repeat the same argument as above by replacing ;) by ¢;n—1) and
( ) S Al(n) by CL( ) b( ) S Az’(n—l)a yielding

k * l * k
e (anp(aPad*)ay’y Z Z R S,

rp—1=1lr,=1
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for some bgﬁlhrn € B (rp_1,m,k=1,...,r). We can go on in this way until we
end up with

p(aa*) = Z Z beff? O

k,=1r1=1 ro,=1
SO0 ) befl )
ri=1 rp=1 k=1

>0. O



