CHAPTER 1II

OPERATOR-VALUED MULTIPLICATIVE FUNCTIONS
ON THE LATTICE OF NON-CROSSING PARTITIONS

In this chapter, we present the combinatorial heart of our theory, namely the
concept of operator-valued multiplicative functions. In the next chapter, two spe-
cial types of such multiplicative functions will play the key role, namely the moment
and the cumulant functions. Whereas these notions will require some additional
multiplicative structure, we will deal here only with the linear structure and elab-
orate how much of the relation between moment and cumulant functions can be
unterstood on this linear level.

2.1. Operator-valued multiplicative functions
In the following, B will always be a unital algebra and M a B-B-bimodule. By
M®B™ we denote the n-fold B-tensor product of M with itself, i.e.

M®Bn::M®BM®BM®B"'®B]\/{ (n € N).

n-times

Note that M®2" is a B-B-bimodule, too. We also define M®5° := B,

2.1.1. DEFINITION. Let, for each n € N,
fm . M®sm B

be a linear B-B-bimodule map. Then we define the corresponding (operator-valued)
multiplicative function

f f()neN U XM®Bn)—>B
n=1
(a1 ® - ®ap) = f(1)[a1 ® - @ ay]

by the following recursive prescription: We can write 7 € NC(n) in the form
7 =m Uly, where V € 7 is an interval in S(,,, i.e. V =[k,[] (1 <k <1< n). We
put
fmlar@- @ an] =
= f(ﬁ) [CL1 @ ® ak—lf(l_k+1)(ak R Qa) a1 ® - ® an]
= f(r)[a1®  @ar1 @ FF N @ @ a)a ® - @ an],

Typeset by ApS-TEX
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12 II. OPERATOR-VALUED MULTIPLICATIVE FUNCTIONS

where we set formally (for the case 7 = 1y, m = ()

A~

f®p=b  (be B=M®"7%.
Of course, f(™ is determined by f via
F™ (a1 @ @an) = f(1,)[a1 @ - @ an].

Note that (for 7 € NC(n)) our definition of f(r) respects the universal relations
of M®8" thus it is well-defined as a bimodule map

f(m): M®®" — B,

We will denote the set of all multiplicative functions of the above form by I(M, B).

2.1.2. EXAMPLE.

f({(lv 6, 8)? (2? 5)? (3?4)? (7)? (9)})[@1 Q- ® ag] =
— §® (a1f(2) (a2f (a3 ® a4) ® as) @ agf D (ar) ® as) FD (ag)

2.1.3. REMARKS. 1) Note that, although writing down the definition of f is
a little bit cumbersome, the idea is quite simple and natural, namely each non-
crossing partition 7 € NC'(n) corresponds in a canonical way to a bracketing of an
expression of n factors, and f (7) is nothing else than the corresponding evaluation
of such a bracketing.
2) Although the decomposition @ = my U 1y is in general not unique, our multi-
plicative function f is well-defined. The result of the recursive definition does not
depend on the order of decomposing into intervals.
3) A priori, f(r) (m € NC(n)) is defined on the usual tensor product M®" and one
has to check that it factors down to M®5™ i.e. that

f(ﬂ-)[a/1®"'®a/kb®ak+]_®"'®an] e
= f(m)a1® - © ak @ bag1 ® - @ ay]
forallk=1,...,n,a; € M, b€ B. This can be seen as follows: There occurs only
a problem if k %, k+ 1. So let us assume that 7 = {V1,...,V,} with k € V; and
k +1 € V; where ¢ # j. Then at least one of the two possibilities V; < k + 1 or
V; > k must be fulfilled. Let us consider the first one, the proof for the second one

is analogous. So assume V; = (vy,...,v,) with v; < --- < wv, =k < k+ 1. Then,
by the module property of ("), we have

~

f(Ma1®@ - ®@arb® apy1 ® - ®ay] =
= ay, ® - @ agh) @ agyr .- )
_ f(...)(_._f(v")(av1 ®...®ak)b®ak+1...)
= ay, ® - ®@ag) @ bagyr ... )
= f(mMa1® - ®ar @bak1 @+ @ ap].
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4) It is clear that f(r) (r € NC(n)) has also the bimodule property, i.e. for all
a1,...,0, € M and by,by € M we have

F(m)[b1a1 @ -+ ® anba] = by f(7)[a1 @ - - - @ an]bo.

5) In the case where B is commutative and the right and left module action of
B on M coincide, i.e. if ba = ab for all b € B and a € M, the nesting of the

different f(+)’s in the definition of f looses its significance and we can write f(m)
for 7 = {V1,...,Vp} € NC(n) with V; = (v1,...,v3,)) (i =1,...,p) in the form

A

f(ﬂ)[m@...@an]:f(k(l))(%%@,...@avl ),_.f(k(p))(avf(g...@ap ),

k(1) Yk (p)

thus coming back to the form of scalar-valued multiplicative functions
© €I =1I(C,C) as considered in Remark 1.3.5.

2.1.4. NoTATION. Given two multiplicative functions fl,fz € I(M,B) and a
decomposition S(,) = S1 U S for some n € N, we will denote by

fiU fa: NC(S1,S2) x M®5™ — B
(7'['1 U7T2,a1 ®®an) — (fl Ufz)(W1UW2)[a1® ®an]

the function that acts on the blocks of m; like fl and on the blocks of 7y like fz.
More formally, if V' = [k,I] € my Umy € NC(S1,S2) is an interval in S(,) (which
must either be an interval in S or an interval in S3), then we put recursively

(fiU fo)(mUm)[a1 ® - -- @ ap] ==
(LUuf)(m\{VHum)[me®--o a1 (@ ®a) Qa1 @ ® n)
if V' is an interval in S; and
(AU f)(mUm)ai®- - @ay] =
(f1U f2)(7T1 U(m\{V})) a1 ®- ak—lfz(m)(ak Q@ Qa) @ap1 @ @ ay]
if V' is an interval in S5, where we have, of course, that
(m\{V})Ume € NC(S1\V, S2) or m U (m\{V}) € NC(S1,S2\V).

2.1.5. EXAMPLE. For the decomposition Sy = (1,2,5,6,8,9) U (3,4,7) the
Example 2.1.2 has the following modified version:

(fl U fz)({(L 67 8)7 (27 5)7 (9)} U {(37 4)7 (7)})[@1 ®--® a9] =
= 1(3) (alfl(z) (a2f2(2)(a3 ® a4) ® as) ® aﬁfz(l)(m) ® ag> 1(1)(a9).

2.1.6. DEFINITION. Given an operator-valued multiplicative function f €
I(M, B) and a scalar-valued multiplicative function € Is, we define now, as

a generalization of our convolution of the last chapter, the function f * 7 on
UrZ, (NC(n) x M®2™) by (n €N, m € NC(n))

(Fxm)(mo1® - ® ay] = Zf(y)[al Q- ® ap|n(v,m).

v<m
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2.1.7. PROPOSITION. 1) For f € I(M,B) and 1 € I, the function f %1 is
multiplicative, too, namely

frn=((f+n™) (M, B)
with (n €N, aq,...,a, € M)

Fxn) ™ ® - ®ay) = Z f(m)a1® - ® ann(m, 1,).
TeNC(n)
2) Our operation % : I(M, B) x Iy — I(M, B) is associative in the following sense:
For f € I(M, B) and ny,n2 € Is we have

(f*m)“h = f*(m*nz)-

PROOF. 1) Note first that, by our previous remarks 3) and 4), the maps (fxn)®™
are defined on M®2™ and have the bimodule property, thus they may be used for
defining a multiplicative function. To see that this function is indeed f *1, we have
to check that f * n fulfills the recursive relation from our definition. Let V € 7 be
an interval in S,y of the form V' = [k,I]. We put 7 := 7\{V'} and have thus the
decomposition m = m; U 1y. Accordingly, we decompose each v < 7 in the form
v =1 Uk with vy <m and k < 1y, ie. 11 € NC((1,...,n)\V), kK € NC(V).
From this follows (note that n(v,7) = n(vy, m1)n(k, 1y))

(frm@ar® - ®an] =Y fW)ar @ @ apln(v, =)

v<m

= Z Z fnUR)a1® - @ anln(vn Uk, m Uly)

V1S7‘r1 KS].V

=Y f)]me--@aa{ ) fk)wue- - @ank1v)}

v1<my k<1ly

® 41 ® -+ @ ay|n(vi, m)
— Z fo) a1 ® - @ar1(fxn) (a0 ©a)

V1S7‘r1
® a1 @ - ® an|n(vi, m)
= (f*n)(m)[cn @ Qa1 (fxn)TF 0@ - @a) Q- ® ay],

which gives the assertion.
2) We have

((f*771)*772)(7T)[a1 ® - ®ay] =
= > (Frm)m)a @@ apln(vs, )

v <7

= Z f(V]_)[G,]_ (%9 -"®an]771(V17V2)77(V277T)
vi<va<mw

= Z f(Vl)[al X an](nl *772)(V17 7T)
v <mw

= (f*(nl*%))(”)[al®---®an]. O
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2.2. Connection between f and f*(

The transition between moment functions and cumulant functions (or vice versa)
in the next chapter will be given by convolution with the zeta function (or with the
Mbobius function). Hence, our main interest lies in the case where 7 is equal to the
zeta function ¢ or the Mobius function p. These cases give us the following main
results of this chapter.

2.2.1. THEOREM. 1) If f € I(M, B) is an operator-valued multiplicative func-
tion, then f *( and f x p are multiplicative, too, where

fFOMam - @a) = fW)o1© - & ay)

and

(frm)(ma1® - ®an] =Y f(V)a1 @ @ an]u(v, 7).

v<m

More explicitly, f*(, f*u € I(M, B) are the multiplicative functions given by
FrC=((F*x0OM),  frp=((Frm™),

where

O @-®a)= > (M@ ®ay]

TeENC(n)
and

(frmMae-©aw)= Y f@ae: - oalur,L,).
TeNC(n)

2) Furthermore, the operations f > f*( and f > f*p, are inverses of each other,
i.e.

(fxQ)xp=(frp)«C=f.

PROOF. The theorem is a special case of Prop. 2.1.7, for the second part one
also has to use the definition of the Mobius function p as the inverse of ¢ and the
obvious statement that one has for the delta function

fxé=f forall feI(M,B). O

Let us take a closer look on the connection between f = (f™) and

g = (g™) = f % ¢. The relation between the f(™ and the g(™ can also be
stated in form of a recurrence formula.

2.2.2. THEOREM. The multiplicative functions
F=0"™)  and  g=(4")=Fx¢

determine each other uniquely by the recurrence formula (where we put formally
g (@):=1€B)

n—1

g(n)(al(g). ; .®an) — Z Z f(?“—i—l) <alg(i(1)—2)(a2®. . .®ai(1)_1)
r=0 1<i(1)<i(2)--<i(r)<n

® a0y @OV (0101 @ - @ ayz)_1)

® aj2) - ® ai(r)g(n—i(r))(ai(”_l_l R ® aﬂ))
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for allm € N and all aq,...,a, € M.

PrROOF. We have
g(n)(a1®...®an):(f*c)(n)(a]_@...@an): Z f(ﬂ)[a]_@...@an].
TeNC(n)
We can now uniquely decompose each m € NC(n) in the form
T=1yUm U---Umpyq (where 0 <r <n-—1),

where V' = (1,4(1),...,i(r)) is the first block of 7 and 7; := 7N [i(j —1)+1,4(j) —1]
(1 <j <r+1)is the restriction of 7 to the set [i(j — 1)+ 1,4(j) — 1] with ¢(0) := 1,
i(fr +1) := n+ 1 and NC(0) := {@}. The non-crossing character of = ensures
that each block # V' of 7 is contained in exactly one of the 7; and that, of course,
m; € NC(i(j) —i(j — 1) — 1). If we use this decomposition of 7 and carry out the
sums over my,...,Ty+1, then the asserted formula results.

Since we can iterate the recurrence formula to express ¢(™) totally in terms of the
f), the recurrence formula contains all information. O

In the special case where we put a; = --- = a,, = a, the recurrence formula
can also be encoded into a relation between the corresponding generating power
series. Since we are working on an algebraic level, we have no adequate notion of
convergence and our power series are to be understood as formal series, the meaning
of which should be clear (comp. the proof of our statement).

2.2.3. THEOREM. Let f = (f) e I(M, B) be a multiplicative function and
put § = (¢ = f xC. Define the formal power series (a € M)
F(a)=1+ Z £ (a®m) and G(a) =1+ Zg(”)(a®”).
n>1 n>1
Then we have the following relation

F(aG(a)) = G(a).

ProoFr. Theorem 2.2.2 reduces for a; =+ =a, = a to
g™ (a®") =
=Y Y (eg™ @) @ ag®) (@) @ .. @ ag) (a))

r=1 k,;>0 (i=1,...,r)
ki4+--+kr=n—r

with ¢(®)(a®%) = 1. But then we have

F(aG(a)) =1+ Z F ((aG(a))®")

r>1

-1+ Y g0 (ag(kl)(a@»kl) 2 ® ag(kr)(amr))

r>1 k>0 (i=1,...,r)

=1+ Z z”: Z £ (ag(kl)(a®k1) Q- ® ag(kr)(a®kr)>

n>1 r=1 k;>0 (i=1,...,r)
Eit---4krtr=n

=1+ g™ (a®")
n>1
=G(a). O
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2.3. Special case I = I(C,C)

To get an idea of the power of Theorem 2.2.3 we will now specialize it to the
scalar-valued case I = I(C,C) and use this for deriving some results on the combi-
natorics of the lattice of non-crossing partitions. These results appeared in [Sped].

2.3.1. THEOREM. Let f (fn) € I = I(C,C) be a multiplicative function

determined by a sequence (fn)nen with f, € C. Define § = (gy) := f * ¢ and
consider the formal power series

F(2) =) far" =1+ fu"
n=0 n=1

oo oo
G(2) =) gn2" =1+ gna",
n=0 n=1

where we put fo := 1 and g9 := 1. Then we have the following identities between
these two formal power series

F(zG(z)) = G(z) and G(F(z)) = F(z).

2.3.2. NOTATION. In the next corollary we use the following notation: If P(z) =
Yoo Tiz" is a power series in z, then we denote by (2") P(z) the coefficient of 2™
in this series, i.e. (z™) P(2) = ry,.

2.3.3. COROLLARY. With the notations as in Theorem 2.3.1 we have

_ oy L Oo,in+1_n 1 n_¢n+1
gn_<z>n+1(1+;f,z) _<Z>n+1(1+;ﬁz) '

PrROOF. Define H(z) := 2G(z) and K(z) := (1/2)F(z), then we have
H(1/K(z)) = z and our corollary is a direct consequence of Lagrange’s inversion
theorem for formal power series (see, e.g., [Com, §3.8]). O

In the following we shall use Theorem 2.3.1 and Corollary 2.3.3 to derive some
of the results of Kreweras [Kre|] and Edelman [Edel] on the combinatorics of the
lattice of non-crossing partitions in a short and uniform way.

2.3.4. COROLLARY. The number of non-crossing partitions in NC(n) which are

of class (k;)ien is equal to

n!

(ITLien ke!) (n+1 =3,y ki)t

N (n, (ki)ien) =

ProoOF. Take the setup of our Theorem 2.3.1. Then we have according to the
Def. 1.3.2 of ‘class’

gn = Z f(ﬂ') = Z N(TL, (kz)zeN) H fzk’

mENC(n) (ki)ien
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On the other hand, the multinomial identity applied to Corollary 2.3.3 gives

gn = (") —— (3 i)
=0

n-+1
1 (n+1)! ¢~ -
=" ey X kol kol (fiz)".
k;>0 (5=0,...,n) i=0
ko+-+kn=n+1

Comparing the coefficients of ] fik" and noting that ko =n+1—Y " | k; gives the
assertion. [

2.3.5. REMARKS. 1) In the following corollaries we shall end up with a func-
tional equation of the form

zS(z)P = S(z) — 1.

It is known (problem 211 in [PSz], cf. also [Kla,HiP]) that the solution S(z) with
S(0) = 1 of this equation is given by

S(z) =1+ Z pCn2",
n=1

1/ pn
Cp 1= —
prm n\n—1

are the so-called ‘generalized Catalan numbers’. In [HiP] they appeared, e.g., as
the number of ‘p-good paths’.
2) For p = 2 they reduce to the usual Catalan numbers

1 2n
anQCn:g n—1/)

In this case the generating function S(z) is given by

1—-—+v1-—-4z

2z

where

S(z) =

The Catalan numbers ¢,, are uniquely determined by the recurrence formula
n
Cn = ch_lcn_k and co = 1.
k=1

The first few Catalan numbers are
Co = 1, C1 :1, 62:2, 63:5, 64214, 65242,

We shall see in the following corollaries that the Catalan numbers are the most
important numbers for the lattice of non-crossing partitions.
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2.3.6. COROLLARY. The number of elements of NC(n) is equal to the Catalan
number c,, .

Proor. Put f, = 1 for all n € N in our Theorem 2.3.1, hence F(z) = 1iz.
Then

Gn = Z 1 =#NC(n)

TeNC(n)
is determined via G(z) = >_°7_, gnz" by

1

m = G(2),

hence by 2G(2)? = G(z) — 1. Since G(0) = 1, we get g, = 2¢p = cp. O

2.3.7. NOTATION. In the next corollary we generalize this result to the num-
ber Z,(p) of multi-chains of length p in NC(n); this is the number of p-tuples
(m1,...,mp) withm; € NC(n) foralli=1,...,pand 0, <71 <mg <--- <mp < 1.
For p = 1, this gives of course again the number of elements of NC(n), i.e.
Zn(1) = ¢y

2.3.8. COROLLARY. The number Z,(p) of multi-chains of length p in NC(n) is

Zn(p) = pricn = %<(pn+—lfn>'

PROOF. Let us denote (") := (% ---x( (r factors). Then

C(p)(onv 1,) = Z C(On, m1)¢(m1, m2) - ((Mp—2, Mp—1)C(Mp—1, 1)
0, <m <o Smrp1<1y
=Zn,(p—1).

If we put G (2) := Y% Z,(p — 1) - 2, then we have according to our Theorem
2.3.1 the following relations

G(p)(zg(pﬂ)(z)) — G(p+1)(z).
By induction, one can easily show that this implies
Z((;(p)(z))p =GP (z) -1,

hence Z,(p — 1) = pc,. O

2.3.9. COROLLARY. The number of those partitions in NC(pn) (for p,n € N)
such that all blocks contain exactly p elements is equal to

1/ pn
Cp = — .
P \n—1

gn:=#{m={V1,...,V,} e NC(pn) | |Vi|=p foralli=1,...,n}

= Z fA(ﬂ-)7

TENC(pn)

Proor. We put
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where
1, if all blocks of 7w contain p elements

i ={
is a multiplicative function given by a sequence (fy)nen with f, = 0, p, hence
F(z) =1+ 2P. Thus G(z) := Y .2 gnz"? is determined by

1+ 2PG(2)P = G(2),
hence S(z) := Y77, gn2" fulfills S(0) =1 and
ZPS(2P)P = S(2P) — 1,

0, otherwise

which implies g, = ,c,. 0O

2.3.10. COROLLARY. The Mobius function u € Iy of the incidence algebra of
the lattice of non-crossing partitions is determined by

1(0,,1,) = (=1)""te, g for all n € N.
PRrOOF. By definition we have ux( = ¢, i.e., with the notations of our Theorem
2.3.1, fn = p(0,,1,) and
1, ifn=1
0, ifn#1,
thus G(z) = 1+ z and F(z) is determined by

i =0(0,,1,) = {

z

1+ )

= F(2),

or equivalently

14+ V1442

2

1—/1—4(-2)
2(=2)

=1+ chn(—z)"

n=0

=1+z

oo

from which the assertion follows. [

2.4. Tracial multiplicative functions

In the next chapter we will also consider the special case where f and ¢ are the
cumulant and moment function, respectively, of a ‘trace’, a notation which makes
only sense if B is commutative. On the level of our multiplicative functions in
I(M, B) this tracial property can be stated as follows.

2.4.1. DEFINITION. Let B be commutative. A multiplicative function f =
(f(™) € I(M, B) is called tracial, if we have for all n € N and all ay,...,a, € M

f(n)(al R ...®an) = f(n)(a'n ®a,1 X ---®an_1).
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2.4.2. LEMMA. Let B be commutative and f = (f) € I(M, B) be tracial.
1) We have for alln € N, aq,...,a, € M and by, by,...,b, € B

F™ (boarby @ azby @ -+ @ anby) = f™ (a1 ® - -+ @ ap)boby . . . by,.

2) If we write m = {V1,...,V,} € NC(n) with V; = (v{,...,v,i(i)) (i=1,...,p),
then we have for all aq,...,a, € M

A

f(ﬂ)[m@...@an]:f(k(l))(%%@,...@avl ),_.f(k(p))(avf(g...@ap ).

k(1) Yk (p)

3) We have for alln € N, all m € NC(n), and all ay,...,a, € M

fmar® - ®a,] = f(@)an ®a1 ® - ® a,_1].

PrOOF. 1) This follows directly from the bimodule and the tracial property of

f.
2) Let m € NC(n) be of the form 7 = m; U1y with V = [k,[] as in the definition
2.1.1 of a multiplicative function. Then, by part 1), we have

A

fmlar @ @an] =
=fr) a1 ® @ a1 fUF (@@ @ a) @ a1 @ @ ay]
= fr)a® - ®@ap1 Qa1 @ - @ay] - fTF (0@ @ a).
By iteration, this gives the assertion.

3) This follows by part 2) and the definition of 7. O

2.4.3. PROPOSITION. Let B be commutative. Consider f € I(M, B) andn € I,.
If f is tracuial, then f % n is tracial, too.

PROOF. Since fn =1,,, we obtain

(Fxm)™ (1@ @an) = (fxm)(1y)a1 ® - @ ay]
= (fan)A)[tn ®a1@ -+ @ ay_1]
= (fxn)(1)[tn ® a1 @ - ® 1]
= (fxn)(an®a1® - @an_y). O

2.5. Product and cluster property

In our forthcoming considerations in chapter 5 it will be essential that a certain
factorization property for ¢ translates into a quite simple property for f = g x (,
the so called cluster property.

2.5.1. DEFINITION. Let My, My C M be two fixed subsets of M.
1) A multiplicative function § = (¢(™) € I(M, B) has the product property with
respect to (My, Ms), if we have for alln, k,l € Nwith1 < k<l <nandl—k <n-—1
g(”)(a1®---®ak®---®al®---®an) =
- g(n—l+k—1) ((11 R ® ak—1g(l_k+1)(ak R Qa) a1 ® -+ ® an)
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for all ay,...,a, € M with
A1y y k1, Glg1ye .o, 0n € My and Qky- .., a7 € Ms.

2) A multiplicative function f = (f™) € I(M, B) has the cluster property with
respect to (My, Ms), if we have for all n, k,l € Nwith1 < k <l <nandl—k <n-—1

f(n)(a1®"‘®ak®"'®al®"'®an):0
for all a1,...,a, € M with

Alyeney A1, Glgly---,0n € My and Ok, - .., 0; € Ms.

2.5.2. REMARKS. 1) The requirement [ —k < n — 1 has to be imposed in order
to ensure that the set {ay,...,ax_1,a141,...,a,} C M7 is not empty.
2) Note that we have not required M; N My = (). This latter condition is usually
fulfilled in ‘physical’ occurrences of the product or cluster property, but it is not
necessary in our general frame. Thus we may even have My, = My = M.
3) The name ‘product property’ becomes most evident if [ = n, then our condition
gives (with k > 2)

g(n)(a1®. . .®ak_1®ak®. . ®an) — g(k_l)(a1®. . .®ak_1).g(n_k+1)(ak®. . .®an)
for all a1,...,a, € M with

a1,...,05_1 € M, and Oky- -y Ay € M.

2.5.3. PrRoPOSITION. Consider multiplicative functions f,g € I(M, B) which
are related according to

~ ~

—fxC o f=gxp

Q>

and let M1, My C M be two fized subsets of M. Then the following two statements
are equivalent.

a) The function § has the product property with respect to (My, Ms).
b) The function f has the cluster property with respect to (My, Ms).

PROOF. First, assume b) to be fulfilled. Fix n,k,l € N and ay,...,a, € M as
in the definition of the product and cluster property. Then the cluster property of

A

f implies that

f(ﬂ')[a1®"'®ak®"'®al®"'®an] =0
for all 7 € NC(n) which couple positions of elements from M; with positions of
elements from My, i.e. for all m with 7 & NC(S,)\[k,1], [k,1]). For the other par-
titions m € NC(Sn)\[k, 1], [k, 1]) of the form 7 = m; U mp with m3 € NC(Sn)\[k,1])
and 7o € NC([k,[]) we have

~

f(7T1U7T2)[a1®...®ak®...®al®...®an]:
= f(m) a1 @ @ap_1f(m)|ar @ - ®a]® a1 @ - @ ay)].
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Thus

g(")(a1®---®ak®---®al®"'®an):
= > fmUm)a® - Qa® - Qa® - - ® ay)

T=m1 U

ENC(S(n) \[kvl]v[kvl])

~ ~

= Z f(wl)[a1®---®ak_1( Z f(ma)lar ® - ® ai))

T ENC(S(m)\[K,1]) T2 ENC([k,I])
®al+1®---®an]

— g(n_l+k_1) (al ® . ® ak_lg(l_k+1) (ak ® e ® al) ® al+1 ® e ® an),

which gives the product property for g = f * (.
Now assume a) to be true. We prove b) by induction on n. For n = 2, we have for
a1 € My and ay € My

fP(a1® az) = g (a1 ® az) — g (a1) - 9P (az) = 0,

since ¢(? (a1 ® az) = g™ (ay) - g™V (az) by the product property of §.

Now consider n > 3 and assume b) to be true for all n’ < n. Fix again k,l € N and
a1,-..,0an € M as in the definition of the product and cluster property. Then, in
particular, we have as above for all 7 € NC(n) with = # 1,

~

f(ﬂ-)[a’1®®ak®®al®®an] =0 fOI‘WQNC(S(H)\[k,l],[k,l])

and

A

f(MUT)a®@  ®a® - @q®- - Qa,| =
=fm)[a1® @ ap1f(m)|ar® - @a]| @41 ® - @ ay)
for 1 = m Um € NC(Swm\[kI],[k,1]) with 71 € NC(Su)\[k,1]) and
my € NC([k,1]). But then (note that 1, ¢ NC(Suy\[k, ], [k,1]))
g(”)(al®---®ak®---®az®---®an):
:f(n)(a1®"'®ak®"'®al®"'®an)
+ Z f(’]r)l:a,1®.-.®ak®.-.®al®-.-®an]

TeENC(n)
T#1l,

:f(n)(a1®"'®ak®"'®al®"'®an)

+ Z f(ﬂ'l) a1®"'®ak—1( Z f(ﬂz)[ak®---®al])

TLENC(S(ny\[k,1]) w2 €NC([k,I])
®al+1®---®an]
:f(”)(a1®---®ak®-"®al®"'®an)
+ gD (g @ @ap 1P (@ ® @A) ®ars © - ® ay),
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implying, by the product property of g, that

f(n)(a1®"'®ak®"'®al®"'®an):0- ]

In the next chapter f and g will get the meaning of a cumulant and moment
function, respectively. This means that M carries also some multiplicative struc-
ture and the ¢(™ will have the property that @ can be replaced by multiplication
wherever this makes sense. Here, we can deal with a quite simple special case of
this property, namely we choose M; = M and M, = {a}, where a € M behaves
like a unit element.

2.5.4. COROLLARY. Consider multiplicative functions f,§ € I(M, B) which are
related according to

~

g=f*C or  f=gxnp
and let a € M be a distinguished element with

gV (a) = fM(a)=1¢€ B.

Then the following two statements are equivalent.
a) We have

g(n+1)(a1®...®ap®a®ap+1®---®an):
=M1 ® - ®ay®apy1 ® - D ay)

forallm>1,allp=1,...,n, and all ay,...,a, € M.
b) We have

(0 ® ®a®@a®ap1 ® - Qa,) =0
foralln>1,allp=1,...,n, and all ay,...,a, € M.

If we have, on the other extreme, My = My = M, then the product property
collapses to a ‘homomorphism’ property and we get the following corollary.

2.5.5. COROLLARY. Consider multiplicative functions f,g € I(M, B) which are
related according to

~

g=f*x¢ or  f=gxp.
Then the following two statements are equivalent:

a) The function § = (9\™) is a homomorphism, i.e. we have for alln € N and
all ay,...,ap € M

g(")(a1 R Qay) = g(l)(al) .. .g(l)(an).

b) The function f= (f™) is only non-vanishing for n = 1, i.e. we have for
alln > 2 and all a4, ...,a, € M

f(n)(a1 ® - ®ayp)=0.



